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Tensor Notation

» Tensor of order k:

T — [ti17._,,ik] c R/1></2X...><lk

» Tensor of rank 1:

1] I

Qui =uM o ou® = [u(‘)...u(k)} ,
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Tensor decomposition: To rewrite the given tensor T as the
summation of some rank-1 tensors.(NP-hard)

» Tucker decomposition

T = Z )‘I'1,I'2,...,I'ku$3) ©:--0 ug’f)7

M2,k

where A, ... € Rand uﬁf) € R’ are unit vectors for
t=1,... k.

» CP decomposition

T au e oul,
:

where )\, € R and u'¥) € R” are unit vectors for
0=1,... k.
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Tensor Approximation

Tensor approximation: To find another tensor T with certain
properties to minimize the error | T — T||F fora given T

» Low rank CP approximation:

Determine unit vectors ug) e Rk, ¢=1,...k and scalars
Ar to minimize

(1)

F
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Low Rank CP Approximation
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Applications of CP Approximation

v

psychometrics, chemometrics, neuroscience;

v

data mining, multiple access wireless communication
systems, blind signal separation, image identification;

telecommunications, independent component analysis
(ICA), sensor array processing

polarization sensitive array analysis.

v

v
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Background of Algorithm

» damped Gauss-Newton (dGN) and a variant called PMF3;

» non-linear conjugate gradient approach,
Levenberg-Marquardt method;

» Alternating Least Squares (ALS) algorithms, Alternating
Slice-wise Diagonalization (ASD) and Self Weighted
Alternating TriLinear Decomposition (SWATLD);

» Enhanced Line Search (ELS), Tikhonov regularization on
the ALS.
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Challenges and lll-posedness

» Best low rank approximation of a matrix (k = 2) always
exists. (Eckart-Young Theorem)

» The rank-1 approximation is theoretically guaranteed to
have a global optimum.

» Best rank-R (R > 1) approximation for high-order tensors
may not exist .
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Example

Let uy, vy € R, up, vo € Rk, and ug, v3 € R5 be vectors such
that each pair u;, v; is linearly independent. Define tensor
T:=UjoUpoVz+UjoVsolUs+ VqioUsolg e Rixkxh,

and for each n € N,

1 1 1
=n{u —V u —V u —V3 | —nujousoUs.
n <1+n1>0<2+n2)0<3+n3> 1oUzoU3

Then T has rank 3 and rank of T, is at most 2. But
IT, — T|| — 0as n— oo. Therefore, T does not have a best
rank-2 approximation.
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Solution

» Orthogonality requirement ensures the existence.
Fori=1,....kand1 < r < R, u"” are unit vectors.

1. Complete orthogonality:
Foralli=1,... k,

W uly=0, ¥i<n#n<A

2. Semi-orthogonality:
There is one j such that

W udy=0, vi<n#n<R

3. p-orthogonality:
Forsome 1 <ijy <--- <, <K,

() ul) =0, () ul) =0, Vi<n#r<A
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Orthogonal Low Rank Approximation

» Given T € Rh*-xk determine

o unitvectors ul’ e Rf, i =1,...k,
e scalars A\, € R,

such that

2
)
F

R k _
HT ZA,@U/)
r=1 i=1
Hr

is minimized subject to the mutual orthogonality condition
that

k
(o H) = [T (u 0} = 6, forall 1<, <R,
i=1
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Our Problem

Orthogonal low rank approximation:

2
min )

T— Zﬁ:1 )\r®;(=1 Ugl) . @)

subject to ;1 — orthogonality constraint.

Numerical Result
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Open Question

» Complete orthogonal low rank approximation are studied in
[1].
» Semi-orthogonal low rank approximation of tensors are
studied in [2].
» |t is interesting to impose orthogonality to more than one
factor matrix.
e [2] pointed that "More study is needed".

e [2] addressed that "The question of more than one
semi-orthogonal factor matrix, except for the case of
complete orthogonality, remains open".
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Linear Mapping

Given a fixed partitioning [k] = o U 3, we shall regard an
order-k tensor T € R'**k as a "matrix representation” of a
linear operator mapping order-s tensors to order-t tensors.
Specifically, we identify T with the linear map

% : Rla1 X...Xlas N Rlﬁ1 ><...><lﬁt7

such that for any S € Rt %Xl
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Linear Mapping

we have

T3(S) :=Teg S = [<t[:|€1,...,€,]a S)] e R8y %13,
where

I /

aq ag
<t[1\f1,---7ft]’ S) = Z T Z A TS LT

h=1 is=1

is the Frobenius inner product generalized to multi-dimensional
arrays.
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An Equivalent Formulation

» The optimal scales A\, can also be interpreted as the length
of the projection of the "vector" T onto the "unit vector" H;,
under the Frobenius inner product,

k £—1 k
v (@)= (rec (@ @ ) )
i=1 i=1 i=0+1
(3)

» The orthogonal low rank approximation problem (2) can be
reformulated as

R
{max Zr:1 )‘ga

subject to the ;1 — orthogonality constraint.

(4)
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Alternating Least Squares Algorithm

» For matrices (k = 2), the best low rank approximation is
TSVD (Eckart-Young theorem).

» For general tensors (k > 2), the "workhorse" algorithm for
orthogonal low rank approximation of tensor has been
alternating least squares (ALS) method.

e [2] proved convergence globally.
¢ Numerical computation of the completely orthogonal in [1].
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Contribution

v

We develop an SVD-based algorithm which updates two
factors simultaneously.

v

To address the orthogonality, we apply polar
decomposition for . factors.

The convergence of our algorithm is analyzed for both
objective function and iterates themselves.

Numerical performance is demonstrated.

v

v
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Algorithm Description

» How can we update u(z) ﬁ“” to obtain "better" ones?

e Forany1</<k—-pu—1andr=1,2,...,R, let
Be= (£, £+ 1),

-1 k
)= on (@u? e @ u).
i=1

=042

) and G{*") be the dominant left and right singular
vectors of sz .
o By Eckart-Young theorem, update u'” by @' and u’“*" py
~(0+1)
al“m.
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» The update of first k — u factors has been provided.
» To address the orthogonality constraint, how to update ufe)
fork—p+1</(<Kk?
e Check the optimality condition to ensure the monotone of
the objective value.
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Lagrangian

» The Lagrangian for the optimization problem (4) (i.e., (2)) is

oS8-S ()

k
- Y > Al (u ),

1<n<nrn<R i=k—u+1

where ), is given by (3) and p£ ), a% are Lagrange
multipliers.
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Optimality Condition

The first order optimality condition for a stationary point is to
satisfy forr =1,... R,

-1 k
e (@12 @ ) =01k
=1 i=e+1
and
¢
Ar Ty <® ® url> —Pr ur Z r1 +Z rr2
i=1 =4+ n<r r<rp

C=k—p+1,... k
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It follows from the orthogonality condition that

VOAD = g8 8O js symmetric, £ =k —pu-+1,---,k,

where
01 kKo
vﬁé):@(@uﬁf)@@u,’)), (=1, k—ptl,r=1,....R,
i=1 i=0+1
V4 4 )4 V4 )4 4
VO[O w0 ] U [y ],

L
AW
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Trace Maximizing Property

Lemma
Let matrix A € R™" with m > n have polar decomposition

A= QS,

where Q € R™" js the column orthogonal polar factor and
S € R™7" js the symmetric positive semi-definite factor. Then

Q= arg max Trace (PTA> .
PeRmxn_ PTp—|

Moreover, if A is of full column rank, then Q above is unique.
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» Update U® by U® which is from the orthogonal polar
factor of the matrix VIOAO for ¢ =k — pn+1,.. ., k.
e Let the polar decomposition of V(A be

VIOAD — (OGO

where U is column orthogonal and S is symmetric and
positive semi-definite.

x9:<wﬁﬁ9>,e:1qufﬂ+u r=1,...,R

/\£6)2<V$€)7 Ug)>, 621,...,/(—/,[,4—17 r:17._,,Fi'.
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» By trace maximizing property,

Z()\g))z = Trace ((U(E))Tv(f)/\(ﬁ)>
r=1
R
< Trace <(U( /\(f)> Z )\ )\(f)

» By Cauchy-Schwarz inequality,

R R
Z)\(é ZS\£ ? "7k_ﬂ+17

r=1

and the equality holds if and only if

AD 3Oy k—p+1, r=1,...,R
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Require: Startmg unit vectors u“[)] € R" and u!’ [01 L ul(%] for
l=k—p+1,--- k

Ti=K—p—1

if K — p is odd then
Ti=k—p-—2

end if

forp=0,1,...,do
forc=1,3,--- ,7do
Be=(¢,L+1)do
forr=12,... R,

¢
Cf [)p+1] T®gs, (®, ] UE)[p+1] o®, 142 uf[p]) { A matrix of size lp X lg41}

[u,s,v] = svds(C!). .. 1) {Dominant singular value triplet via Matlab

r,lp+1]
routine Svds;assume uniqueness }

if uy < 0 then

Uu=-uv=-v
e%i if
U o =4

£+1 2
u£7[:+)1] =v {if kK — pis even, use u£ [pfﬂ )= v}

(0) (e+1) (k 2 ._
Aipit] =8 Ay =S {if k — p is odd, use )\, [pfﬂ = s}
end for

end for
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foré:k—u+1,-~~,kdo
forr=1,2,...,R, do

0 (
Vrlo+1] = Q' ul) Jp+11 © O uy, P) {define colunns of VP+1]}
~ e e
)\E [)p+1] (vf [)p+1]7 ; [p]) {define diagonals of /\[p+1]}
en(clj)for ©
[Ujpky)» Skl = poldec( Vi A y)
forr=1,2,...,R,do
() .
“g o1 [p)+11( 1) ©
4 3 £ 3
)‘rd[p;ﬂ] = s[p+1]( nN(= <Vr,[p+1]’ ur,[p+1]>)
end for
end for

end for
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Convergence of Objective Values

» As SVD is involved for the first kK — p factors, the
generalized Rayleigh quotients are bounded and
monotone increasing.

» Polar decomposition is applied for last u factors, by trace
maximizing property.
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Lemma

Assume that a* is an isolated accumulation point of a sequence
{ax} such that for every subsequence {ay} converging to a*,
there is an infinite subsequence {ay, } such that

|ak,+1 — ak,| — 0. Then the whole sequence {a} converges to
a.
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Accumulation Points

Forr=1,... R,

T®, (®, 1 u, o®, " ur ) =<T ®, 1U,’>U£E),

L=1,...,k—p,
T&®, (® —1 "ul) °®: 241 u,))

R 0 ¢
:Zt:1< Qi uf o uf? 0 @ z+1u()>u§)a b=k—p+1,---

Numerical Result

k.
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Isolation

Lemma

For almost all tensors T € R**lk the accumulation points of
any sequence generated by Algorithm 1 are necessarily
isolated.

» A polynomial system with leading coefficients from entries
of T.

» By the theory of parameter continuation.
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Assumption A
We say that a given tensor T € R <<k satisfies Assumption A

if for every convergent subsequence {uﬁé[)pj]} generated by

Algorithm 1, the dominant singular value of the limiting point
Cﬁg) of the corresponding subsequence {Cﬁf[)p,]} are simple for
al{=1,...,k—pu,r=1,..., R Moreover, :[hje limiting point
VIOAD of the matrix VIOAD for ¢ = k — i +1,--- , k are of full

(o] o]
column rank.



Convergence

0000@0000

Lemma
Forallt=1,... . k,r=1,..., R, if subsequences {ufél)pj]}
generated by Algorithm 1 converge simultaneously, then

subsequences {uﬁé[)pj +1]} also converge simultaneously.

Furthermore, under Assumption A, {ug[)pj]} and {uﬁé[)pj +1]}
converge to the same limiting point.

» Subsequence {Cﬁ%ﬂ]} and {uf’f[)pj+1]} converge.

» Converge to the same limiting point
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Taking limit,

A= (), Cu®)

< M =@", ¢Ma®) = W, CPu®) =3P
< (@0, ) — W, SO 5
<
< 5\&@) _ (ﬁﬁe), é}é)ﬁ£2+1)> _ <u§e+2 ey e+3)> 5
< .
5\(/(*#*3) <‘“£k*M*3) é(k*/k3)~(k*/h2)
- u(ku1) C(ku1 >:5\£ku2)
< )\(k n—=2) _ (u(k pn—2) C( —n=2)5 gk
:(uﬁk u— 1)’ Cﬁk - 1) > j\k p—1)
< Sék—u—ﬂ — <ﬁ£k—u—1)7 C(k b= 1)ﬁ£ )> :5\5‘(—

Numerical Result

if K — pis even

if Kk — pis odd
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Forr=1,..., R, we obtain
A,:S\ﬁ”:---:Xﬁ"*“*”:f\ﬁ"*“), if K — p is even
A= AW == Jeee ) o JeemD) S0 ek s odd

» Monotone increasing of objective value.

> YR =20 02
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» u9 — a9 noldfore=1,....k—pur=1,...,R.

VO = lim v

; &) _ (e
a1 = lim V) v,

o] —

A @ (0) ()
A =1lim /\[p,-+1] = lim /\[p] =A

» For{=k—u+1,..., k, combined with Assumption A.

(0) 0 _ (0) ()
U _I|mU[p+1] I|mU[]_U.
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» Theorem

For almost all tensors T satisfying Assumption A, the sequence

{uﬁe[)p]} generated in Algorithm 1 converges for¢ =1,--- |k,
r=1,--- . R.

» Accumulation points are isolated.

» If subsequences { ff[)p]} generated by Algorithm 1

converge simultaneously, then subsequences {uﬁé[)p,ﬂ]}
]
also converge simultaneously.

» Under Assumption A, {uf[)pj]} and {u%[)pjm} converge to

the same limiting point.
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Numerical Example

Test Algorithm 1
» pu=2and R=5;
» First 150 steps.
Comparison: by measuring
> objective value "7 | \2;

¢
» iterate error Ze 12, 1 ||ur o]~ ﬁ[)p]H2

Numerical Result
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Test tensors R20*16x10x32.
» Random tensor: randomly generate.

» Tensor1: randomly generate a rank-5 order-4 tensor, add a
noise tensor which is generated by
10~* x randn(20, 16,10, 32).
» Tensor2: randomly generate a rank-5 order-4 tensor, add a
noise tensor which is generated by
1072 % randn(20, 16, 10, 32).
» Stochastic tensor:
c It # loylo # I3, 13 # Iy
t,'17,'27,'37,'4 = 0 i =lo, o 75 i3, i3 75 iy ,where cis
1/20 otherwise
randomly in (0, 1) by the homogenous distribution such as

Zi1€[[20]] ti1,i2,i3,i4 =1 W|th I/ # I/+1 ’j — 1,2’ 3
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T 1 .
> Cauchy tensor: i, , i.i, = cryTer)rets)Tem) Where cis a

random vector with size 32.

. . 1
> Hllbel't tenSOI‘ t,‘17,‘27,'37/'4 — W

» Toeplitz tensor: bt siotfyis-tjiati = it io,iasia for
j S [[m/n(20 — 0,16 —ib,10 — [3,32 — I4)]]
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Initial vectors:

» ’Random Initial'—unit vectors ug) fort=1,..., kand
r=1,..., Rare generated randomly to satisfy
orthogonality constrain with = 2.

» ’ldentity Initial'—each [usz), o 7u$§)] fore=1,... kare
taken as the first R columns of identity matrices.

» ’Orthogonal Initial'—each [ugg), e ug)] fort=1,... kare
taken as the first R columns of random orthonormal
matrices.

» 'Singular Value Initial'-the major left singular vectors of the
unfoldings of the tensors are used as initials.
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Comparison on Random Tensor

Objecive Value on Random Tensor Iterate Error on Random Tensor
T T T T

[~ Rancom it
|ty il
Oriogora il

number o eration number o eration
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Comparison on Stochastic Tensor

terate Error on Stochastic Tensor
T T

Objective Value on Stochastic Tensor
T T

objective value

number o eration number o eration
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Comparison on Cauchy Tensor
Objective Value on Cauchy Tensor terate Error on Cauchy Tensor

objective value

number o eration number of teraion
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Comparison on Tensor1

Objective Value on Tensor! Iterate Error on Tensorl
T

T T T
[ Fandom il

| |-o—Sigir Ve

objective value

number of eration number o eration
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Comparison on Tensor2

Objective Value on Tensor2 Iterate Error on Tensor2
T T T T

——Rendon it

ooty i
Ortragonl il

o Snguar Vake ntal

objective value
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Comparison on Hilbert Tensor

Objective Value on Hilbert Tensor Iterate Error on Hilbert Tensor
T T T T

- [~ Random il
o ienty it

Orthogna el
o SingularVaue il

objective value
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Comparison on Toeplitz Tensor

Iterate Error on Toepiitz Tensor
T T

Objective Value on Toeplitz Tensor
T T

objective value

number o eration number o eration
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Observation

Objective value:

» Objective value satisfies the monotone increasing property
for each iteration;

» Algorithm 1 is more effective on structured tensor than
random tensor;

» For different initial vectors, the objective values may be
different for the same test tensor, that is, iterates may
converge to different limit points.

o It is interesting to study for what tensors or what initial
guesses Algorithm 1 converges to the global optimum [1].



Numerical Result

Observation

Iterates error:
» lterates converge, but they are not monotone in each step.
» lterates converge but slower than that of objective values.
» When it comes to the qualities of the final approximation,
among 4 different initial vectors, no any one does offer
obvious advantage.
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Conclusion

» An SVD-based algorithm has been presented including
o Completely orthogonal low rank approximation [1].
o Semi-orthogonal low rank approximation [2].

» The convergence of the proposed algorithm has been
analyzed.

» Numerical examples have been provided to illustrate the
convergence behavior of proposed algorithm.
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Thank you!
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