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Summary

This thesis is to study a few problems on tensor decompositions and approxima-
tions in real space. Among other things, we revisit the classical problem of finding
the best rank-R CANDECOMP /PARAFAC(CP) approximation with different cases
R > 1 and R = 1 respectively.

e Best rank-R CP approximation

For a given order-k tensor 7', determine unit vectors u € Rle, ¢ =1,...k

and scalars A\, r = 1,..., R to minimize

R 2
HT — Z)\ru,(}) ®---@u®
r=1

R
Unlike the rank-1 approximation is theoretically guaranteed to have a global opti-
mum, general rank-R approximation (R > 1) may not exist in real space. So, there
should be an added orthogonality requirement to ensure the existence of R > 1
case. In contrast to the conventional approach by the so-called alternating least
squares (ALS) method that works to adjust one factor a time, proposed SVD-based
algorithms improve two factors simultaneously. Convergence analysis both for the
generalized Rayleigh quotient and the iterates themselves is the main contribution
of this thesis. In addition, we also study the convergence property of a general

framework called alternating direction methods (ADM) in this thesis.
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Chapter 1

Introduction

1.1 Applications of tensor decompositions

After Hitchcock originally proposed the notion of tensor decomposition in 1927

[92/93], it has been applied in a wide range of areas: signal processing [6/38,/48/59-61]
64,[73/[105/[145/[160], numerical linear algebra [62,/63}[77,[110,[111}[124,[197], computer
vision ,,, numerical analysis ,,,, data mining
and analysis [3{5][12]/36]/42,/43[131][134}[158/[170-172,[180] graph analysis [13113/[115],

neuroscience [1}[2[18}/66}67,[136-138][141144], chemometrics [7,[9}[26}[127,[163], im-
age processing [53}[184[1861[187,[196], component analysis [101}[119], network anal-

ysis, scientific computing, telecommunications ,, independent compo-
nent analysis (ICA) [58], Newton potential [80,81], stochastic PDEs [69/194] and
many other areas [25][27, 48] 49,54} /65| [72,(88][106] 118, [155,[163]. Moreover, there

are several software packages available for tensor structures and decompositions

in [8)[11},[14}[15//76],[122,[152,[191}[195].




1.2 Main decompositions and approximations

1.2 Main decompositions and approximations

Rank-1 tensor

Rank-1 tensor has the form uY®...@u® = [uﬁ) . ugf)] , where vectors ut) €

R with elements [ugf)] for j=1,... k.

Tensor decomposition

Tensor decomposition is to rewrite the given tensor 1" as the summation of some
rank-1 tensors.
Among many kinds of decompositions of high order tensors, the most general

two are Tucker decomposition [62,63,(92L(178] and CP decomposition [32,72,82,107].

e Tucker decomposition

T = Z ) Y Tkug)®---®u£’z), (1.1)
T1yT25uuy Tk
where A, », . € Rand u%) € Rt are unit vectors for £ =1, ..., k.
e CP decomposition
T=> 3ulV® - @u, (1.2)
where A\, € R and u'”) € R are unit vectors for £ = 1,...,k.

Tucker decomposition also named as higher-order PCA was first introduced by
Tucker [176] in 1963 and redefined in [128}[177,/178]. CANDECOMP/PARAFAC
(CP) decomposition, also named as polyadic form, CANDECOMP (canonical de-
composition) and PARAFAC (parallel factors) were proposed by Hitchock in 1927
[92,93], Cattell in 1944 [34},135], Carroll and Chang in 1970 [32] and Harshman in
1970 [82]. Both Tucker decomposition and CP decomposition can be considered to
be higher order generalizations of the matrix singular value decomposition (SVD)

and principal component analysis (PCA).
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Besides CP and Tucker, there are lots of other tensor decompositions related to
or transformed by them. For example, Carroll and Chang [32] proposed individual
differences in scaling (INDSCAL) in 1970, Harshman [83] named parallel factors for
cross products (PARAFAC2) in 1972, Carroll et al. [33] introduced CANDECOMP
with linear constraints (CANDELINC) in 1980, Harshman [84] established decom-
position into directional components (DEDICOM) in 1978 and he with Lundy [85]
presented PARAFAC and Tucker2 (PARATUCK2) in 1996 and so on.

Rank

We clarify the name of "rank” here which refers to the number of rank-1 tensors
that generate or approximate the given tensor. It might be the same with (outer-
product) tensor rank defined in [40,/65,92,/121]. Since we care about ”low rank”, this
number will be fixed on low rank approximation problem. Many kinds of ranks are
named such as multilinear rank [65], border rank [65], symmetric rank [50], generic

rank [65].

Tensor approximation

As finding an exact decomposition of a tensor is NP-hard [86,91], an alternative
approach is finding the low rank approximation which seems more computationally
feasible. Tensor approximation is to minimize the difference between the given tensor
and the summation in the sense of the Frobenius norm after fixing the "rank” whose
choice is itself a difficult problem [52[114}|121] and affects the quality of approxima-
tion. Three well known approximations which receive most concern and interest are
rank-1 approximation [63,(197], rank-(ry,rs, ..., ) approximation with a full core
and k orthogonal side-matrices (in the Tucker/HOOI fashion) and approximations

using R outer-product terms (in the CANDECOMP /PARAFAC fashion).

e Best rank-1 approximation

The problem of finding a best rank-1 approximation to a given order-k tensor
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T is to determine unit vectors u'® € R, ¢ =1,...k, and a scalar X such that

2

HT—)\u(l) ®---@u® (1.3)

F
is minimized.
e Tucker nearest problem

For a given order-k tensor 7', determine unit vectors u%) cRl v =1,.. .k

and scalars A, ,, , to minimize

-z

T1,72,5...5T

2

, (14)

F

T1

)\T‘17T‘27...,7"ku(1) ® N ® us‘lz)
k

subject to (u%), u%)) = Oy, forall £ =1,... k.

e Best rank-R CP approximation

For a given order-k tensor 7', determine unit vectors ug) eERl 0 =1,.. .k

and scalars A\, r = 1,..., R to minimize

2

R
W—ZN¢®W®ﬁ) (1.5)
r=1

F

This thesis focuses on best rank-1 approximation (1.3)) and low rank CP approxi-
mation (1.5)). In the following subsection, we will mainly introduce the backgrounds,
existing work and algorithms on these two approximations. Other kinds of decom-

positions and approximations will just be introduced shortly and not covered deeply.

1.3 Low rank approximations

1.3.1 Existence and ill-posedness

Firstly, we discuss the existence of best low rank approximations in 3 cases.
1) Best low rank approximation of a matrix (k = 2).
For matrices of order-2 tensors, Eckart and Young [70] showed that a best rank-R

approximation always exists and is precisely given by the truncated singular value

decomposition (TSVD).



1.3 Low rank approximations

Theorem 1.3.1. [70] Given a matriz A and its singular value decomposition is
A = UXV'" = Udiag(oy,...,05,0,...,0)VT, then for any r with 0 < r < R,

A, =30 oywv! s the global minimum of
Ar = argminrank(B)SrHA - BHF7
where u; is the i-th column of U while v; is the i-th column of V.

2) Best rank-1 approximation of a general tensor.
For a high order tensor, it has been theoretically guaranteed to have a best rank-1

approximation, see [65].
Corollary 1.3.1. [65] Every tensor has a best rank-1 approzimation.

3) Best rank-R (R > 1) approximation of a general tensor.

It has been pointed out that the best low rank approximation for high-order
tensors may not exist at all [65,/114},116,/126},167,/169]. Here we list two examples.
A rank-3 tensor fails to have a best rank-2 approximation and a rank-6 tensor fails
to have a best rank-5 approximation.

Example 1 [65] Let u;,v; € R, uy, vy € R™2 and u3, vz € R® be vectors such

that each pair u;, v; is linearly independent. Define tensor
Ti=w,@u®vs+ 1 @Vy@uz + v, ® Uy ®uy € RI¥2XT3
and for each n € N,
1 1 1
Tn =nlw+—Vvi ||+ —Vvy | ®|uz+ —vy | —nu; ® uy X us.
n n n
Then T has rank 3 and rank of 7, is at most 2. But ||T,, — T|| — 0 as n — .

Therefore, T does not have a best rank-2 approximation.

Example 2 [23] Let uy, uy, ug, uy be linearly independent. Define
T:'=10u®u+u;RUu;Q@Uu3z+U;@UzRU; + U QU QU3+ U3 RU @Uz+U3® Uz @Uy
and, for € > 0,

T.: = (wy+ew)® U+ euy) @e tuz + (uz +euy) ® e 'y @ (ug + euy)
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—671112 XUy ® (u1 +us + 6114) — 671113 & (u1 + us + 6113) ® uy

e (ug 4+ us) ® (uy + eus) @ () + euy).

Then rank of T, is at most 5 and T is rank 6. But |7, — T|| — 0 as ¢ — 0. T has
no optimal approximation by tensors of rank < 5.

Specifically, Silva and Lim [65] showed that the problem of optimal low rank
approximation of higher order tensors is ill-posed for many ranks and arbitrary order
(k > 3). Thus an optimal solution for CP approximation need not exist. Apart from
the CP model, such failure also occur in other component models, see [68,/117,168].
Moreover, [51] indicated that this phenomenon can extend to symmetric tensors.
Many examples of such failure can also be found in [108}153},190]. We conclude the

ill-posedness by restating a general result in [65].

Theorem 1.3.2. [65] For k > 3 and Iy, I5,..., Iy > 2, there exists a tensor T €
RIv<2x XDy of rank v 4 s that has no optimal rank-r approzimation, for any r and

s > 1 satisfying 2s < r < min{ly, Is,..., I;}.

1.3.2 Solution

Since the best low rank approximation may not exist, the question is how to
avoid this failure. Imposing an extra requirement of orthogonality [40,116] changes
the approximation problem to an optimization over a compact set, thus it guar-
antees the existence of global optimum. Kolda [110] investigated various orthogonal
conditions related to different definitions of orthogonality, including orthogonality,
complete orthogonality and strong orthogonality which will be discussed in detail
in Chapter 4. Here we briefly introduce complete orthogonality [40,(110}/114] and
semi-orthogonality [40,(166,/190].

[116] proved the following theorem to show that the CP approximation (|1.5])

does attain its infimum under semi-orthogonality constraint.

Theorem 1.3.3. [116] There ezists a solution to the CP approzimation problem

subject to semi-orthogonality constraint ((u&?,u@) = Oy, for one i from
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(1,...k}).

In 2009, [40] discussed a form of low rank approximation with diagonal core with
complete orthogonality constraint, i.e., complete CP approximation and proved its

existence of global optimum theoretically.

Theorem 1.3.4. [/0] There exists a solution to the CP approximation problem

subject to complete orthogonality constraint ((u,(jl), u@) =0 foralli=1,... k).

Imposing orthogonality is not only for the theoretical purpose, but also has
many applications in signal processing, wireless communication systems, blind signal

separation and identification, and independent component analysis [167,|180].

1.4 Algorithms and convergence analysis

1.4.1 Best rank-1 approximation

Many efforts for finding the best rank-1 approximation of a general tensor (|1.3|)
have been made in the literature, yet the problem is still not settled. See, for ex-
ample, [24,195,/109,112,|114}/189,/197]. The difficulty is partly due to the curse of
dimensionality, whence the rapid growth of computational overhead, and partly the
nonlinearity, whence the stagnation at a local solution. For example, the alternating
least squares (ALS) method works on improving one factor a time. Assuming the
form as a high-order power method, the ALS is easy to implement and has been con-
ventionally employed as the workhorse for low rank tensor approximation. However,
the method suffers from slow convergence and easy stagnation at a local solution.
Thus it is appealing that maybe alternating two factors simultaneously by employing
the singular value decomposition (SVD) as the two-in-one optimization mechanism
could result in better performance. The idea was mentioned in [63, Section 3.3] with
no particular elaboration, and was more carefully postulated in [75] with numerical

testing on some synthetic and real data sets of third-order tensors. This approach
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has the obvious advantage that, starting from the same point, one step of SVD-
based iteration is superior to two consecutive steps of ALS iteration. There is no
theory at present to support that the improvement by the SVD-based iteration will
continue to be superior in the long run. Through numerical experiments, however,
it has been suggested that for large scale data the SVD-based method might have

better limiting behavior leading to better approximations [75, Section 5].

1.4.2 Best rank-1 approximation of a symmetric tensor
Symmetric tensor

A given tensor 7' € R™*" with elements 7;, ; is said to be symmetric if

Kk
Tiryeik = Tig(1yrosion) with respect to all possible permutations o over the integers
{1,...k}.

Consider the best rank-1 approximation of a symmetric tensor , it was
conjectured in [154] and proved that the best symmetric rank-1 approximation to a
symmetric tensor is its best rank-1 approximation [198, Theorem 2.1]. The proof was
by induction. However, a more correct way of stating this result is that the best rank-
1 approximation to a symmetric tensor ”can be chosen” symmetric [74, Theorem 9],
because there might be non-symmetric best rank-1 approximations [74, Section 4]
for a symmetric tensor. Even more precisely, except for symmetric tensors lying
on a specific real algebraic variety, a generic symmetric tensor has a unique rank-
1 approximation which, hence, is symmetric [74]. With all these being said, we
make an interesting remark that perhaps it was Stefan Banach who first noted in
the context of homogeneous polynomials [16] that a best rank-1 approximation of a
symmetric tensor could be chosen to be symmetric. Discussions on different aspects
of rank-1 approximation to symmetric tensors can be found in [17,50}/99,109}/14§].

Research endeavor on this subject is still ongoing. See, for example, some more

recent work in [55,(182].
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1.4.3 Existing algorithms for CP approximation

Now we introduce the algorithms about finding the best low rank CP approx-
imation. The first method is to generate singular value decomposition (SVD) for
a matrix into high order SVD for a tensor. Eckart and Young [70] showed that
the best rank-R approximation of a matrix is given by truncated SVD and the or-
thogonality is an inherent property. However, this type of result does not hold for
higher-order tensors [40,62,96,/109,/111},126,130L|135}/152},/180]. Second idea is to re-
peat R times of best rank-1 approximation to form the rank-R approximation since
the best rank-1 always exists. The detailed way is firstly to compute an optimal
rank-1 approximation and subtract it from the original tensor, yielding the so-called
residual tensor. Then repeat the process until the rank- R approximation is obtained.
But Kolda [110] provided a counter example to show that this approximation is not
the best.

Assuming the number of components is fixed, the ”"workhorse” algorithm for
computing a low rank CP decomposition has been the alternating least squares
(ALS) algorithm [32,52,[82,/114,[173]. Then, its local convergence has been estab-
lished in [179] under additional conditions. Later on, it has been proved that both
objective value and the iterates generated by the ALS method for low rank approx-
imation converge globally for almost all tensors in [190]. Notice that this low rank
CP approximation has addressed semi-orthogonality constraint by proposing polar
decomposition [40,157]. Under the same constraint, |166] developed two new numer-
ical approaches — simultaneous matrix diagonalization (SD-CPO) and ALS applied
to the combined mode matrices (ALS-CPO).

However, there are some shortcomings about ALS method although it is simple
to implement. The convergence is quite slow and it cannot be guaranteed to con-
verge to a global minimum. The final solution is heavily dependent on the starting
point which is another interesting problem on how to choose a good starting point.
Later on, some papers [174}/175] work on the strategies to improve the efficiency of

ALS such as line searches [149,/156], Tikhonov regularization [147]. Recently, the
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comparison among ALS with other methods such as alternating slicewise diagonal-
ization (ASD) method [98], damped Gauss-Newton (dGN) and PMF3 [151] can be
found in [28,72].

1.4.4 Existing algorithms for Tucker nearest problem

We briefly introduce some popular algorithms which are applied to compute
Tucker nearest problem. For example, ALS [32,82], Tuckerl method [178] also
named as higher order singular value decomposition (HOSVD) [62], TUCKALS3
[120] and its extension [101], higher order orthogonal iteration (HOOI) method [63]
and its improvement [30], Newton-Grassmann method [71], differential-geometric
Newton method [97] and MBI method [37]. For more discussions on the Tucker

problem, see [114].

1.5 Road map and our contributions

We provide the outline of this thesis below.

1.5.1 Synopsis of Chapter 2: symmetric best rank-1 approx-
imation

We provide three algorithms based on the singular value decomposition (SVD)
that modify two factors a time to find the best rank-1 approximation to a sym-
metric tensor. Comparing with existing alternating least squares (ALS) technique
which improves one factor a time, one step of SVD-based iteration is superior to
two steps of ALS iterations. Noting that generically the best rank-1 approxima-
tion to a symmetric tensor is symmetric. We prove that not only the generalized
Rayleigh quotients generated from the three SVD-based algorithms enjoy monotone

convergence, but also that the iterates themselves converge.
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1.5.2 Synopsis of Chapter 3: non-symmetric best rank-1

approximation

The problem is to find the best rank-1 approximation to a generic tensor. The
main focus of this chapter is on providing a mathematical proof for the convergence
of the iterates of SVD-based algorithms. The ALS method is easy to implement, but
suffers from slow convergence and easy stagnation at a local solution. It has been
suggested that the SVD-algorithm might have a better limiting behavior leading to
better approximations. We provide a rigorous mathematical proof for the conver-
gence of iterates and our approach relies on only the continuity of singular vectors

and real analysis.

1.5.3 Synopsis of Chapter 4: orthogonal low rank approxi-

mation

In this chapter, we study the orthogonal low rank approximation problem of ten-
sors in the general setting in the sense that more than one matrix factor is required
to be mutually orthonormal, which includes the completely orthogonal low rank ap-
proximation and semi-orthogonal low rank approximation as two special cases. It
has been addressed in [190] that "the question of more than one semi-orthogonal
factor matrix, except for the case of complete orthogonality, remains open”. To
deal with this open question we present an SVD-based algorithm. Our SVD-based
algorithm updates two vectors simultaneously and maintains the required orthogo-
nality conditions by means of the polar decomposition. The convergence behavior
of our algorithm is analyzed for both objective function and iterates themselves and

is illustrated by numerical experiments.

1.5.4 Synopsis of Chapter 5: general convergence of ADM

For problems involving multiple variables, the notion of solving a sequence of

simplified problems by fixing all but one variable a time and alternating among the
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variables (ADM) has been exploited in a wide range of applications. We propose
a general framework that can be applied to prove convergence for many types of
alternating direction methods. The conditions are mild and easy to satisfy, so the
theory should be of fundamental significance to many algorithms. Its application to
a variety of important algorithms is demonstrated below.

Applications to some known cases:

e The Gauss-Seidel method for solving a system of linear equations.

The power method for finding the dominant eigenvector.

The alternating least squares method for computing the QR decomposition.

The alternating projection method for finding structured low rank matrices.

Best rank-one tensor approximation.

Tucker nearest problem.

Structured Kronecker approximation.

1.5.5 Synopsis of Chapter 6: conclusion

1.5.6 Synopsis of Chapter 7: list of author’s publications



Chapter

Symmetric Best Rank-1 Approximation

2.1 Introduction

A real-valued tensor of order k£ can be represented by a k-way array
T = [7‘7;1 Zk] c R11><12><...><Ik

with elements 7;, _;, accessed via k indices. A tensor of the form

k
®u(z) —uY@.. . @u® = [uz(ll) . uff)] : (2.1)
=1
where elements are the products of entries from vectors u' € R, ¢ = 1,... k, is
said to be of rank one. When I; = ... = I, we have a square tensor. An order-k

square tensor 7T is said to be symmetric if

(2.2)

Tilw-'»ik = Tio—(l)v"'»io(k)

with respect to all possible permutations o over the integers {1,...%k}. A symmetric

rank-1 tensor therefore necessarily implies that u® = ¢u® for some scalar ¢,

¢ =2,..., k. In this case, we denote I = ... = [, = n and write ®§:1 u=u"
The problem of finding a best rank-1 approximation to 7' is to determine unit

vectors u¥ € R, ¢ =1,...k, and a scalar \ such that the functional
2

k
2
f ()\, ull ,u(k)> =T — )\®u(f) = Z <7—lek - Au;” . ul(f)) (2.3)
=1
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is minimized. For any fixed unit vectors u™,... , u®, the optimal value of \ for
(2.3) is given precisely by the length of the projection of the ”vector” T onto the

direction of the "unit vector” &,_, ul) € RIx2x-xlk o

k
A=A (u(l), . ,u(k)> = <T, ®u(€)> ) (2.4)
=1

Thus, minimizing the orthogonal component of 7', as is desired in , is equivalent
to maximizing the length |\| of the parallel component. In [197], the expression ([2.4])
is called the generalized Rayleigh quotient of 7' corresponding to {u, ... u®}.
Many approaches for finding the extreme values of have been proposed in the
literature. See, for example, [24,75|95,(109,[112,/114]. Switching the signs of the
variables u®), if necessary, we may restrict our attention without loss of generality

to the case that A > 0 only.

2.1.1 Summary

This chapter contains two parts. First, we offer a simple argument that the
symmetry of the best rank-1 approximation for a generic symmetric tensor can easily
be understood with the notion of conventional singular value decomposition (SVD)
for matrices. Second, we turn that argument into iterative SVD-based algorithms
for computing the symmetric best rank-1 approximation. Our main focus is on the

second part where we offer a convergence analysis that is new in the literature.

2.1.2 Outline of the chapter

This chapter is organized as follows. We begin with the introduction of some no-
tations and basic facts in Section [2.2] Then, using well known properties of the SVD,
we argue in a very concise way for the symmetry of the best rank-1 approximation
in Section [2.3] Depending on how the permutations are chosen when applying the
SVD successively to increase the objective value, we propose three algorithms for

computing the best rank-1 approximation in Section 2.4, Among these, Algorithm
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with cyclic permutation and Algorithm 2| with pre-assigned random permutation are
formulated due to their theoretical simplicity. In turn, they highly motivate Algo-
rithm |3| with post-assigned random permutation which is the easiest to implement.
Convergence analysis is given in Section [2.5| where we first prove that the generalized
Rayleigh quotients of all three algorithms converge monotonically and then detail
the limiting behavior of the iterates generated by Algorithm [3] and Algorithm
Some numerical examples together with some interesting observations are presented

in Section 2.6l

2.2 Basics

Tensors are multi-dimensional arrays. Thus, there are multiple ways to define
tensor multiplications. Their appearances are often rather complex and perplexing.
To facilitate the subsequence discussion, we first introduce a simple notation system
that generalizes what we already know from the matrix theory. We also establish a

few useful tools.

2.2.1 Multi-indexing

Suppose that the set [k] is partitioned as the union of two disjoint nonempty
subsets @ = {ay,...,as} and B = {B1,..., 5}, where s +t = k. We sometimes
abbreviate 3 = {a}® since B is a complement of a.. Choosing various ways to
partition [k] offers us a convenient tool to dissect a high-dimensional array 7' and

exam its cross-sections from different perspectives. For instance, an element in the

tensor TRI*2%-xIk can be identified as T[(I(Tﬁ) where Z = (iy,...,15) and J =
(J1,...,7¢) contain those indices at locations a and (3, respectively. Each index

in the arrays Z and J should be within the corresponding range of integers, e.g.,
i1 € [I,,] and so on. In a sense, the subsets a and 3 are to replace the role of row

or column in matrices for tensors.
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Operator product. Given a partitioning (a, 3), the B-product of 7" with a

tensor A € Rler*-*las ig defined to be

T(A) :=Twg A = [( [(%?)’Aﬂ € Rlsi<xTa, (2.5)
where
Io‘l Iaé
7ﬁ
[IJ] ’ Z ZT[n,...,zg\J iy, is (2.6)
11=1 1s=1

is the Frobenius inner product generalized to multi-dimensional arrays. In terms of

the multi-index notation, the J-th entry of J3(A) can be interpreted as

B?
A))g =75 o (2.7)
z
where the summation of Z runs through appropriate ranges of the indices iy, . .., iq,.
In this way, the tensor T is considered as matrix representation of the linear map

T from Rler*-xlas o RIs*-xIs and the tensor-to-tensor operation ®g defined in

(2.5) generalizes the conventional matrix-to-vector multiplication.

2.2.2 Basic Lemmas

Each of the following sequence of results is elementary but together they are

helpful tool for algebraic manipulations throughout the discussion.

Lemma 2.2.1. Given a general tensor T € RV 2x-xIk g partitioning [k] = U,

and vectors u) € R, ¢ =1,... k, then it holds that

k s t
<T, ® u(€)> — <T®B ® ul@), ® u(ﬁj)> ‘ (2.8)
=1 =1 Jj=1
Proof. Based on the definition (2.5)), the right hand side of (2.8) is simply a rear-

rangement of terms in the summation by the associative law. O]

Lemma 2.2.2. Given a general tensor T € RV 2xxIx = qrbitrary vectors ul®) €

Rlei i =1,....k—2, and v € R!%2, then

k—2
T&®1p,5y Qui® | v=| Tos, o) ®u *RVE ® u® | u@)  (2.9)
i=1 i=j5+1

for any j € [k —2].



2.2 Basics 17

Proof. The notion of a tensor entry T[(I| 7] defined earlier will be informative here

for tracking which index is being associated with which location. The u-th entry of

the vector (T@g (8Z Tul ) v is given by

162 IOq Iak 2
(a1) (ag—2)
Z Z Z [117 ﬂk alu)Win e Wiy Uy
v=1 i11=1 ip—2=1
Ial Iak—2 152
_ (aU{B2},{B1}), (a1) (ak—2)
- Z Z ZT[n,...,ik_wm] Uiy e Uy
i1=1 ip_o=1rv=1
Iaj Ial I"‘k 2 1,32
_ § ’ § ' § : (QUWZ} {j},{B1,25}) ( 1) (ag—2) (aj)
— Lo U () u,; .
Tl e 2,V ,14] Uy ih—2 i
i;=1 \i1=1 ig—2=1v=1

where the last equality is obtained by the associative law so that the summation

inside the parentheses contains no uz(;lj ) terms. O

Lemma 2.2.3. Given a symmetric tensor T € R™*" of order k and two fixed
positive integers s and t with k = s +t, let v®© € R*, ¢ = 1,...,s, be arbitrary
vectors. Then the product T®g @;_, vPi) is a symmetric tensor of order t and is

independent of any permutation p of [s] and any subset B C [k] with cardinality t.

Proof. Let [k] = aU B3 be a partitioning where, without loss of generality, indices

in @ are arranged in ascending order. Then for ¢; € [n], j =1,...,t, we have
S
(ps) _ (av,3) (p1) (ﬂs)
Tog Qv _ YA Thvolts bVt - Vi
=1 i1=1 is=1
£1,eibe
n n

= Z s Z T yeeeyis €1 5enerbs U z(fl) s Uz(SS)

i1=1 is=1

n n
§ ' § ' (1) (s)
= e Ti i U; O .
Zp—1(1)7"'77/p—1(3)7£17”'7£t prl(l) prl(s)

bp=1(y=1  Yp1(s)=1
In the above, the symmetry of T" implies that the location of B is immaterial and
thus the second equation is obtained by moving /¢4,...,¥¢; to the end of the index
array, whereas p~! denotes the inverse of the permutation p. By renaming ip-1(j) as

i, 7 =1,...,s, we see that the reference to p is also immaterial. O
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Corollary 2.2.1. Under the same condition of Lemma[2.2.3, the associative law

T® ®V(m) = | T® ®V(m) ® ® v(Pi) (2.10)
i=1 i=1

i=j+1
holds for any j € [s] and any permutation p of [s].

When the subset 8 C [k] is of cardinality 2, then Lemma can be generalized

to arbitrary tensor of order k — 2.

Lemma 2.2.4. Given a symmetric tensor T' € R™**" of order k is symmetric and
a subset B C [k] with cardinality 2, then, with respect to any tensor S € R"**" of

order k — 2, the product T®g S is a symmetric matriz.

Proof. For convenience, write M := T®g S. By the definition (2.5)), M is a matrix.
Observer that

M = (gl ) = (Teigas S) = M,
because 7(; ;) = T}, by the symmetry of T O]

For latter usage in our proof for convergence, we also need the following results

from real analysis.

Lemma 2.2.5. Let {ax} be a bounded sequence of real numbers with the property
lag11 — ag| = 0 as k — oo. If the accumulation points for the sequence are isolated,

then {ai} converges to a unique limit point.

Proof. Suppose {a,, } and {ag,} are two subsequences of {a;} which converge, re-
spectively, to two distinct limit points, x and y. Let z denote any fixed real number
between x and y. For a positive number r, let B,(r) denote the neighborhood
[z —r,z+7r] of x.

For any 0 < € < tmin{|z — z|, |y — 2|}, there exists a large enough integer
K = K(e) such that a,, € By(€), ag, € By(e), and |agt1 — ax| < € for all k > K.
Infinitely many elements of {a;} must leave B, (€) to enter B,(e) and vise versa. By

doing so, there is an infinite subsequence of {a;} contained in B,(¢). This shows
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that z is also an accumulation point. Since z is arbitrary, we have shown any number
between x and y is an accumulate point. This contradicts the assumption that the

accumulation points are isolated. O

Lemma asserts the uniqueness. A slight variation requiring a weaken as-
sumption and resulting only a local convergence will also fit our need. The proof of
following Lemma can be found in [140, Lemma 4.10], [198, Proposition 3.2] and |79,

Lemma 6], but we prove it in another way.

Lemma 2.2.6. Assume that a* is an isolated accumulation point of a bounded se-
quence {ay} such that for every subsequence {ay;} converging to a*, there is an
infinite subsequence {ay; } such that |ag, y1 — ax; | — 0. Then the whole sequence

{ar} converges to a*.

Proof. There are some ambiguities in the original proof [140, Lemma 4.10]. See
also [198, Proposition 3.2]. We take this opportunity to clarify the dubiety.
We prove by contradiction. Suppose that the sequence {a;} does not converge

*

to a*. Since a* is isolated, there exists a neighborhood N.(a*) := {z € R||z —
a*| < e} such that a* is the only accumulation point of the sequence {a;}. Choose
{ax,} be an arbitrary subsequence of {ax} contained in Nc(a*). For each j, let
{ax,,ar,41,...,a¢} be the largest consecutive segment of {a;} that starts at ay,

and stays inside N.(a*), i.e.,
U =max{/l||a;, —a*| <e€i=kj kj+1,...,(}.

If ¢, is infinite, |ay — a*| < € hold for all k large enough and for arbitrary e which
implies that {ax} converges to a*. But this contradicts with assumption.

If ¢; is finite, by construction, the subsequence {a,,} has the property
lag, —a*| <€, lag41 —a*|>e

Since {ay, } is a bounded sequence, a subsequence {ay;, } must converge. Notice that

{ag; } is contained in Nc(a*), and by the property of isolation, the limit point must
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be a*. Therefore [ay; — a*| < § when i is large enough. In this way, we have found

a convergent subsequence {ag].i}, but element by element we always have the gap

> Jag, 0 — '] ~ lag, — a’] >

DO ™

|a€ji+1 B az]'i

This is a contradiction to |as; 11 — ag; | — 0. Therefore, the whole sequence {ay}

converges to a*. L]

2.3 Symmetric best rank-1 approximation

We now argue that the best rank-1 approximation to a generic symmetric tensor
is symmetric. We shall not assume a priori that the best rank-1 approximation is
unique, nor that a symmetric best rank-1 approximation always exists. All we need

is the following fundamental fact from matrix theory.

Lemma 2.3.1. Given a matriz A € R™™, then the global maximum of the gener-
alized Rayleigh quotient

max y' Az (2.11)
yeR™ |lyll=1
z € R™, |z|| =1

is precisely the largest singular value o1 of A, where the global mazximizer (y1,21)
consists of precisely the corresponding left and right singular vectors. The best rank-
1 approzimation to A is given by o1y12, . In the event that A € R™™ is symmetric
and that the largest singular value of A is simple, then'y = +z depending on the sign|
of the dominant eigenvalue \y = +o1 and, hence, the best rank-1 approximation to

A is symmetric.

The condition that the largest singular value of A is simple is generic in the
sense that the symmetric matrices with multiply eigenvalues form an algebraic va-

riety of codimension two [56]. Consequently, the symmetric matrices that do not

'We shall use the symbol + to indicate a proper sign selection in the subsequent discussion

when there is no need to specify the sign.
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have a unique symmetric best rank-1 approximation form an algebraic variety of
codimension one |74, Lemma 3].

Built upon Lemma we explain in the argument below the kind of generic
property we need for a symmetric tensor. We justify the symmetry by comparing
two components a time in the rank-1 tensor.

Suppose that A@lzzlﬁ(e) is the best rank-1 approximation to a given order-k
symmetric tensor T'. By , the generalized Rayleigh quotient A = <T, ®§:1 ﬁ(€)>
is positive and maximal. Consider the case 8 = {1,2}. By Lemma [2.2.1] we can

write i
A= <T®g ®ﬁ“>,ﬁ(1>®ﬁ(2>> .
(=3

By Lemma , the matrix C := T®g ®§:3 a¥ is symmetric. Assume that the
largest singular value, which is A, of C'is simple. Then, by Lemma[2.3.1], we conclude
that ©") = +u®. Moving to the choice 3 = {2,3} and assuming again that X is
simple for the newly defined matrix C, we than have ©® = +u®. Continuing
this process, we conclude that @V, ... ¥ differ from each other by at most a
negative sign. At the end, we may write A ®]Z:1 a@® = +2@®". So the best rank-1

approximation to a symmetric tensor is necessarily symmetric.

2.4 Computation

The argument in the preceding section motivates an SVD-based way to calculate
the symmetric best rank-1 approximation by iterations. The idea of using the SVD
instead of the ALS is not new. It has been proposed for general tensors in [75],
but so far as we know no convergence analysis has ever been established. The main
contribution of this chapter is to furnish the proof of convergence for symmetric

tensors.
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2.4.1 Update with cyclic progression

The most basic approach is outlined in Algorithm [} For efficiency, we also
propose a modification by random permutations in Algorithm [2] followed by a more
simplified Algorithm [3] Two types of dynamics are involved in all algorithms. One
is the dynamics of the objective values, of which the analysis is straightforward. The
other is the dynamics of the iterates, which is much harder to characterize. We will
discuss the convergence in the next section.

To convey the idea, it is convenient to adopt the subscript ) in Algorithm [If to
indicate the quantity at the p-th iteration. Each sweep of p at Line 1 in Algorithm
involves k pairs of 3 ranging circularly from (1, 2), (2,3),..., (k,1). Thus, each ug)ﬂ]
is updated twice. The first updates for £ = 2, ...k, denoted by ﬁgll] at Line 10, are
not essential and can be completely removed from the algorithm without affecting

the calculation, but their presences help bridge the monotonicity in theory. The

(1) ()
[p+1] [p+1]

p at Line 4 for ¢ = 2,...,k— 1, but will be updated again at Line 17. The switch

update u is temporarily overwritten as u at Line 9 for the computation of

ct
of sign at Line 7 conditioned upon Line 6 is to ensure that the iterates will be aligned
in one direction and thus avoid jumping back and forth. Also, by Lemma [2.2.3] the
reference to 3, in the multiplication by ®g, at Line 4 is entirely unnecessary. We
include it in the description to help keep track of the procedure. We register the

intermediate values )\ i) 8 well, even though only A® at the final stage is crucial.

[p+1

The above algorithm is different from the alternating least squares (ALS) ap-
proach that has been popular for computing the best rank-1 approximation [50),

109,/197]. The most Signiﬁcant difference is that, since the dominant singular vec-

(0)

tor u [ +1]

of the matrix C gives rise to the absolute maximal value )\ 1] for the

functional

k
(4)
3 (T @ exeve @ 212

=042

among all possible vectors x and y, the mechanism of updating x and y simulta-

neously in Algorithm [I]is going to increase the generalized Rayleigh quotient faster
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Algorithm 1 (Best rank-1 approximation via SVD updating with cyclic progres-

sion.)

Input: An order-k, n-dimensional, symmetric tensor 7" and k starting unit vectors

A0 B Cpe
Wy s -+ U €R

Output: A local best rank-1 approximation to T
1: forp=20,1,---, do

2. for/=1,2,--- ,k—1,do

©) -1 _ (9 k (%)
& O = T®p, @izt Wy Oz Uy
5: [u, s, v] =svds(C [zf])’ 1) {Dominant singular value triplet via Matlab

routine svds}

6: if u; < 0 then

7: u=—u {Assume the generic case that u; # 0; otherwise, use another
entry. }

8: end if

9: ufﬁll] =u {If ¢ =1, thisis u E )+ > otherwise this is the second update
[p+1],1f2<€<k}

10: ﬁ([zfﬁ]) =u {Skipping this step will not affect C[(pe]+1) at Line 4.}

11: )\g b E S

12:  end for

3. B, = (k1)

(k) (%)
4 Oy =13, ® Ui
15 [u,s,V]= SVdS(C[p]), 1) {Dominant singular value triplet via Matlab routine

svds}

16: ufgrl} =u {Adjust the sign properly as in Line 6.}

) L
17: u[erH =u

18: AW)

p+1] = S

19: end for
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Algorithm 2 (Best rank-1 approximation via SVD updating with randomization.)

Input: An order-k, n-dimensional, symmetric tensor T and k starting unit vectors
u®, .. u® eR®

Output: A local best rank-1 approximation to T’
1: t+ 0

2 N (T, @), u)

3: repeat

4 t+t+1

5. o < random permutation of {1,...,k}

6: B, (0k—1,0%) {Randomly select two factors}

T G Tog, @7 ul)

8 [uy, s, v =svds(Cy, 1) {Dominant singular value triplet via Matlab routine
svds}

9: if (u); <0 then

10: w = —uy

11:  end if

12: A < 84

13: u("kfl), ul®) — u,

14: until )\; meets convergence criteria

than the combination of two applications of ALS approach to x followed by y. The
gain is also better than the maximum of updating x or y separately as that discussed

in |75, Preposition 4].

2.4.2 Update with random permutation

An alternative way to cut short the iterates required by the ¢-loop in Algorithm
is to shuffle the columns u™,..., u® by a random permutation ¢ and generate
a matrix C for updating. This randomized procedure is modified at Line 7 in

Algorithm [2 To avoid confusion with data generated from Algorithm [I, we employ
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a slightly different notation when describing this algorithm. Again, by Lemma[2.2.3]
the reference to 3, is irrelevant. For simplicity, we always choose to update the last
two vectors ul®-1) ul®¥) after the permutation. A classical result in probability
theory asserts that the expected number of trials for a permutation to recur is
@. But by the time that a repetition occurs, the vectors uV), ... u® should
have been updated. If the convergence is ever to happen, the effect of reshuffling

will gradually diminish.

2.4.3 Update with post-randomization

To carry out the permutation ul®) at Line 7 in Algorithm [2|is still cumbersome.
Since the purpose of permutation is simply to mingle the vectors, we may consider
the alternative by postponing the permutation to the end of calculation as is indi-
cated in Algorithm [3] It can be argued that Algorithm [2] would be equivalent to
Algorithm [3|in the sense that, if one could foresee the future permutation at Line 7
and prearrange the columns in the order {u("l), e ,u(”k)} before Line 5 in Algo-
rithm 3, then both algorithms would be using the same Cy. In reality, of course, such
a rearrangement does not happen, so we distinguish the progress of the generalized
Rayleigh quotient by a different notation p;. Though 1y = A\g to begin with, this p,
in general is not the same as the )\; generated by Algorithm 2 when ¢ > 1. Note the
simplification at Line 5 in Algorithm [3| which utilizes only the first k£ — 2 vectors.
The permutation at Line 12 will help intermingle the vectors before the next step.

Another difference between Algorithm [2] and Algorithm [3] deserves noting. In
Algorithm , the replacement at Line 13 does not interfere with the vectors u(®),
i € [k — 2], used to define Cy at Line 7. But in Algorithm 3, the replacement at
Line 12 may affect 0,1 or 2 many of the first £k — 2 vectors used to define C; at
Line 5.

Indeed, with probability (1:(2}2—(_13;3)

the perturbation o will ask to replace 2 such
vectors, which is high when k is large. We may thus consider a subclass of Algo-

rithm [3| by requiring the update at Line 12 be limited to [k — 2]. The limit points
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Algorithm 3 (Best rank-1 approximation via SVD updating with post-

randomization.)

Input: An order-k, n-dimensional, symmetric tensor 7" and k starting unit vectors
u®, . u® eR?

Output: A local best rank-1 approximation to T
1: t<+0

20 flp <T, ®’Z:1 u(£)>

3: repeat

4 t<t+1

5. Oy« T @ u?

6:  [w, sy, ve =svds(Cy, 1) {Dominant singular value triplet via Matlab routine
svds}

7. 0 < random permutation of {1,... k}

8: if (u); <0 then

9: u = —w

10:  end if

11: Mt < S¢

12: ule-1) ulr)  y, {Randomly replace two factors}

13: until x; meets convergence criteria

of {u;} by this subclass iteration form a subset of those by the unmodified Algo-
rithm 8] Our numerical experiments suggest that both versions have the same set

of limit points.

2.4.4 Symmetric update

Finally, since the best rank-1 approximation of symmetric tensors is symmetric,
all factors should be the same eventually. It is tempting to exploit the mechanism
of keeping the symmetry at every iteration once an SVD is done. We outline the

procedure in Algorithm [d] The contrast is at Line 5 where C; is calculated based on
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Algorithm 4 (Best rank-1 approximation via symmetric SVD.)

Input: An order-k, n-dimensional, symmetric tensor 7" and a starting unit vector
uy € R”

Output: A local best rank-1 approximation to T’
1: t+ 0

20 po < <T, ®’e€:1 110>

3: repeat

4 tt+1

5. O T @ ug {Using the same factor for all}

6:  [uy, g, v =svds(Cy, 1) {Dominant singular value triplet via Matlab routine
svds}

7. if (uy); < 0 then

8: U = — Uy

9: end if

100 g St

11: Uy < Wy

12: until p; meets convergence criteria

one single factor u;. Indeed, a similar idea has been proposed in [109] as the sym-
metric high-order power method whose performance has been reported as poor. We
shall demonstrate in our numerical experiment that Algorithm {4] does not perform
competitively either. Though interesting, this algorithm is of little importance to

us. We mention it in passing and we do not consider it as a contribution.

2.5 Convergence analysis

In this section, we analyze the convergence for the above algorithms. We first
show the monotonicity of the generalized Rayleigh quotients. Most importantly,

we argue that the iterates themselves also converge. The latter answers an open
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question on convergence analysis for the SVD-based methods, as it offers an under-
standing of what was declared as "we do not have a complete understanding when
this will happen” in [75, Page 947]. We concentrate mainly on Algorithm [3| for its
practicality in implementation. We also include the behavior of Algorithm [1| for its

elegance in theory. The analysis of Algorithm [2|is left to interested readers.

2.5.1 Convergence of objective values

Because the SVD is involved, where the dominant singular value and singular
vector are selected at each update, all three algorithms enjoy the property that
the corresponding sequences of the generalized Rayleigh quotients are bounded and

monotone increasing.

Lemma 2.5.1. The scalars {)\fﬁ})} generated in Algorithmform a monotone con-

vergent sequence for each £ =1,... k and all converge to the same value.

Proof. Tt suffices to prove the assertion for the case )\fﬁ]) because the following argu-

ment shows that all other cases are sandwiched in between.

By applying Lemma [2.3.1| to each of the matrices C'[(;]) consecutively, we observe

that at any stage of p the inequalities

k k
" o\l _ 0 @@
Ap = <T’®“[p}> = <T@ﬁ1®“m’“m ®“[p}>
/=1 /=3

IN

k
O (1) o =(2)
<T®'Bl ® U)o Upp1] ®u[p+1]>
/=3
L (3)
Ap+1] = <T®Bz +1]®®u[p]’ +1]® Lp]>

k

~(1) O @ oa®)

= <T®ﬁ2 U, 9wy, “{p+11®“[p+11>
=4

@)
A<

(k=1) _
< )\[erl = < [p+1]®®u[p+1 [p+1>
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k—1
_ CIPNCRONTY
= <T®ﬂk®“[p+uv Ui OU [p+1}>
(=2

k—1

© W) B \| &

< <T®@k®u[p+1], Lp+1}®“[p+u> = Api)
=2

are always maintained. The monotone sequence {)‘Eﬁ})} is bounded above by ||T||,
so it must converge. The inequalities sandwich the sequences one after another, so

their limit points must be the same. O

Lemma 2.5.2. The scalars {\} generated in Algorithm |9 form a monotone con-

vergent sequence.

Proof. By applying Lemma [2.3.1] it is still true that at any stage of ¢ we always

have

k

N = <T, ® u(€)> <T®,@ ® u(a, (Ok—1 ®u(0'k)>
=1

<T®B,® u ut+1 ®ut+1> = Ait1,

IA

k2()

since w4 is the dominant singular vector of the matrix T®g, ),_; u'”’. Again,

the monotone sequence {\;} is bounded above by ||T||r, so it must converge. [

Lemma 2.5.3. The scalars {u;} generated in Algorithm @ form a monotone con-

vergent sequence.

Proof. Suppose that C; = T® ®Z h u® has been defined in terms of vectors
u®, ... u®*? from the previous step. Suppose also that its dominant singular

vector u; has been calculated. Then
k—2
i=1

To proceed to the next step, some of these columns uV, ..., u*~? might be replaced

by u;. Let ©° and ©" denote subsets of [k — 2] containing indices of those vectors
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that will not been changed and are to be updated, respectively. Depending on the

current permutation oy, there are three possible scenarios — the cardinality |©"| of

the set ®" can be 0, 1, or 2. By Lemmas [2.2.1| and [2.2.3, we may write

Wy = <T7 ® u(l) ® ® u(j) ® u?> — <T® ® u(l) ® u)\f@ﬂ) ® u(j)®u§—®+>

1€O° jeet €O jeet
: +
S <T® ® u(l) X ul‘te |7 L) P} ®ut+1> = Mt41- (214)
1€O°

In the above, we have adopted the notion that a factor of either ®..yu% or uf

means that it does not occur in the multiplication. ]

2.5.2 Convergence of iterates in Algorithm

The above argument about the monotonicity of values )\gf]), At, OT L1y is interesting
and important, but certainly not enough, because the convergence of objective values
does not guarantee the convergence of iterates to a global minimizer nor even to a
stationary point [114]. What need be done for both algorithms is to argue that
generically the iterates of vectors themselves also converge. Since Algorithm [3] is
our ultimate choice of scheme in view of its simplicity and effectiveness, we give a

detailed account of its dynamical behavior in this subsection.

1) (k)

For clarity, enumerate the column vectors at the end of each ¢-loop by {ug R | B
in accordance with their original order. By construction, for ¢ > 1, at least two of
these vectors are identical and the rest are unchanged from the previous step. The
goal is to prove that these columns converge to the same vector as t goes to infinity,
regardless how the random permutation o which varies in ¢ takes place. Toward this
end, we establish a sequence of results.

Since the dominant singular vectors u; are always normalized to unit length, the
sequence {u;} must have a convergent subsequence. We first argue that its limit

point must propagate to all elements of { ug), e ,ugf)} in the following sense.

j
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Lemma 2.5.4. If {uti} is a convergent subsequence and lim; ,,,u,, = U, then

lim, oo ) =T for all € € [k].

Proof. Let {a[ti]} denote the corresponding sequence of permutations used in the

algorithm for generating {uti}. Note that each time at least two vectors in the set

{us), e ,ugf)} are identical with u,,. Specifically, by Line 12 in the algorithm,
(@) (@) _
we have u; = u, = u,. As wu, gets close to u, so do these two vectors.

However, since {a[ti]} is of uniform distribution varying through all possible per-
mutations as ¢ goes to infinity, the locations of the so called ”"these two vectors”
must also pervade through all possible pairs in the set [£]. That is, all vectors in

{ug), e ,ugf)} are close to u when ¢ is large enough. O

Lemma 2.5.5. For almost all symmetric tensors T, the accumulation points of the

sequence {u;} generated by Algorithm @ are geometrically isolated.

Proof. Suppose that u is an accumulation point. By Corollary [2.2.1] we may per-
form the following operation, and by Lemma [2.5.4] U is a solution to the nonlinear
equation

Teu"—2 = <T, uk> w2, (2.15)

The equation (2.15)) is a polynomial system of degree k + 2 in the unknown u € R”
with leading coefficient T. By the theory of parameter continuation |164, Theo-
rem 7.1.1], we know that for almost all symmetric tensor T', except for an affine

algebraic subset of codimension one, the solutions to (2.15)) are isolated. n

We stress that the polynomial system might have multiple solutions. We
are interested in the real solution that maximizes the generalized Rayleigh quotient
(T,u"*). The monotone behavior of {\;} or {1} seems to suggest that this is
happening. However, we can conclude only that a local maximum is being realized

by the iteration.

Theorem 2.5.1. For almost all symmetric tensors T, the sequence {u;} of dominant

singular vectors generated in Algorithm [3 converges.
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Proof. Suppose that {u,} is any subsequence converging to u. Suppose also by
Lemma that @ is isolated. By Lemma the corresponding subsequences
{ug)} converge to u for all £ € [k]. By construction (Line 5 in Algorithm ,

the subsequence {C} 1} of matrices converges. By continuity, the subsequence

Lemma therefore is satisfied. It follows that the whole sequence {u;} converges
to u. [

We conclude this part with a simple illustration. Given a symmetric tensor T'
of order 3 and an arbitrary unit vector ugy, Algorithm [3| can be cast as fixed-point
iteration defined by

u g = F(w), (2.16)

where F'(u) represents the dominant singular vector of T® u (with consistent sign

at the first entry). Then, by Theorem [2.5.1] the sequence {u;} converges.

2.5.3 Convergence of iterates in Algorithm

Algorithm [1|is somewhat too conservative for computation in practice. However,
its fundamental structure is the basis of Algorithm [3] In this subsection, we prove
its convergence.

The difficulty of Algorithm [1}is at the complexity that u zr depends on both the

new vectors {u[(pll]} t=1,...,0 —1, and the old vectors { }, 1=0+2,... k.

We first make the following observation about the collective behavior.

Lemma 2.5.6. There is a subsequence {ugj]} generated by Algorithm that con-

verges to the same limit point for all ¢ = [k].

Proof. For each fixed ¢, it is always true that ||C’ Nl < ||IT||p for all p because
I (X)Z u +1]®®1 042 u[p]||p = 1. The Bolzano-Weierstrass theorem guarantees a
convergent subsequence. There are only finitely many ¢. Selecting a subsequence

of a subsequence, if necessary, we can find a common subset {pj} of nonnegative
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integers so that {C'[(}f])]} converges simultaneously for all ¢ € [k]. We claim that the
assertion holds for the subsequence {ufﬁi}}.

For clarity, we accomplish the proof in two steps. First, we argue that the
sequences { fp)]} converge simultaneously for all ¢ € [k]. Second, we argue that
they converge to the same limit point.

By continuity, the sequences of the corresponding dominant singular vectors
{ﬁf;j +1]} and { E +1]} of {C’ _ } converge simultaneously for all £ € [k]. Denote
lim;_, C'[(;)} cO, lim; ., u ([;)H] uél) and lim;_,u Eﬁ)ﬂl = uﬁ@ for{ =2,... k.
The subscript 4 is a handy way to remind us that these are the limit points corre-
sponding to the subsequence [, 1). We shall assume the generic condition that c
is nonsingular for all /.

To prove the simultaneous convergence, we consider separate cases:

Case 1. For ¢ = 4,...k, let p = ¢ — 2 so that 2 < n < k — 2. By using
Lemma [2.2.2] we obtain the equalities

(m) .. (m) _ ~(1) (n—1) (n+2) (n+3) (k) (n)
Chp Uy = (T®'Bn< W) & - - QU ) O Uy, ®~~®“w)) W, +1]
_ ~(1) (1=1) o (1) (n+3) (k) (n+2)
= (TC’%H (“m+u®m®“m+u®“m +1] O @ ®“[p}>)“[pj1
_ (m+1)__(n+2)
= Cpy Uy (2.17)

Taking the limits on both sides of (2.17), together with the non-singularity of C+1),

we see that lim;_,. u[(ﬁj] exists for £ = 4,... k. The algorithm entails that u([;j] =

uéfj)], so the convergence of u([;j} is a by-product.

Case 2. For ¢ = 3, consider the identities

Wa (3) o () 0 ) )
Cpp U = (T®ﬂ1( U, U, ®“[p1)>“[pj+u

_ =~(1) (4) (k) )

= <T®ﬂz (8@ uy)®- @“[pﬂ)) wy) = Cpju) (218)
Taking the limits at both ends of ‘D together with C'® being nonsingular, we
see that lim;_, ug’j] exists.

Case 3. For ¢ = 2, observe the relationship

® ® ()
Coyup) = A g
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_ (2) (k=1) (k)
- <T®Bk (u[pj ®.. '®u[Pj] )) Uip)]

_ 3) ©Y) 1@ _ )@
- (T®g1 <u[pﬂ®. . .®u[pj]>) ul) =P (219)

k)

Though we do not know the convergence of C[;j_l], (k)

ip,) 20d

the convergence of )\E:j)], u
C[(;j)] implies that lim;_, u[(jj] exists, which in turn implies that C[(pk; )_1] converges.

(6)

Now we prove that sequences converge to the same limit point. Denote lim;_, u, ) =
J

uée) for ¢ =1,..., k. It thus becomes clear that
CY = Twg, (u§1)®. . .®u§eil)®uéf+2)®u§”3)®. : .®uék)) . (2.20)

Analogous to (2.17)), we mention also the identity

(k—=1)__(k-1) o (k-1) . _(k-1)
Cioyl Uprn) = TG )W, 1)

_ (1) (2) (k—2) (k=1)
= <T®:3k1 <u[pj+1]®u[pj+1}®' : '®u[pj+1])> Ui, +1]

_ (2) (k—2) (k—1) (1) _ ~(k)=(1)
= <T®Bk (u[pj+1]®- : ‘®u[pj+1]®u[pj+1])> Uy, 1) = Oy Uy

It follows, by construction and continuity, that we have the relationships

s’ = ) =cOu?, (2.21)
COu) = £ =0 =1, k-2, (2.22)
CtDufY = LY = cWul, (2.23)
CPu = £xu”. (2.24)

By continuity again, note that X is the dominant singular value of all matrices C¥),
¢ =1,...,k. Under the assumption that N is simple, the corresponding singular
vector is unique up to a sign change. However, because in Lines 6 to 8 of Algorithm
we have required that the first entry of the dominant singular vector be positive,

such a sign change does not exist. Recursively, we obtain the relationships

)
W _ ) k) (2
W= ' =" =,

uéﬁ — ug“?) (=1,... k-2, (2.25)

W _
W = Wy
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These relationships allow us to write

X = <(J(1),u§1)®u§1)>‘:

<T®,31 (uég) ®ué4)®. . .®uék)> , uél) ®ué2)> ‘

= <T®52 (uél)®ué4)®. . .®uék)> ,ué2)® ué3)>

= <T®52 (uél) ®ué4)®. ..® uék)> ) uéQ)® ué3)>‘ .
But we also have

~ 2 2 1 4 k ) )
o= ‘<c<z>,u§>®u§>>':‘<T@ﬂ2 () sule... o >>,u§>®u§)>"

By the uniqueness of the dominant singular vector, since the first entry is kept
positive, we conclude that

2 2
u? = u?. (2.26)

Repeating this process, we can prove that uéﬁ) uéé) for ¢ =2,...,k— 1. Together
(

with (2.25)), we finally prove that the sequence {uw} converges to the same limit

point for all £ =1,... k. O

Corollary 2.5.1. If the sequences {C[(]fj } of matrices converge simultaneously for
all ¢ € [k], then they converge to the same limit point for all ¢ € [k].

Proof. The assertion follows from (2.20) and the fact that uéz) = uég) for ¢ € [k]

which has been proved in the previous lemma. ]

In the proof of Lemma [2.5.6] we make use of simultaneously convergent subse-

quences {C[(]fj)]} to argue the simultaneously convergent subsequences {ufﬁi}}. We

can also reverse the argument.

Corollary 2.5.2. If subsequences {ufﬁz]} converge simultaneously for all ¢ € [k],

then so do subsequences {C[(]fj]} and {uf}fiﬂ}}.

Proof. The simultaneous convergence of {u[(g]} for ¢ = 3,...k implies that the
(1)

1 o ~
subsequence {C[(pj)]} converges. By continuity, {u[pj ]

} converges. But then by
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definition, {C[(pi)]} converges and, thus, so does {u([;]) +1}}. Cycling through the

¢-loop in Algorithm [T}, the assertion is proved. ]

Theorem 2.5.2. For almost all symmetric tensorsT', the sequences {u[(]f})} generated

in Algorithm |1 converge to the same limit point.

Proof. Let {u([j;]} be any simultaneously convergent subsequences. By Corollary|2.5.2

} converge simultaneously. Using the same ar-

gument in the proof of Lemma|2.5.6, we see that subsequences {u[(g]} and {ugz +1]}

converge to the same limit point for all £ € [k]. The limit point must satisfy the poly-

the corresponding subsequences { C [(plj)]

nomial system (22.15]), whence we assume is geometrically isolated. By Lemma m,

we obtain the convergence. O

2.6 Numerical examples

Note that all the experiments in this thesis are performed on a MacBook with 2.3
GHz Intel Core i7 processor and 16 GB 1600 MHz DDR3 memory running MATLAB
with version R2015a (8.5.0.19613).

In this section, we carry out some numerical experiments to demonstrate the
working of our algorithms. We concentrate mostly on Algorithm [3] Because the size

k¥ we will not list the test data. At present, we pay no

of data grows rapidly as n
attention to fine tune the implementation for efficiency either. We simply describe
how we set up our experiments and present some empirical observations.
Example 1. Our first concern is the complexity analysis of the algorithm.
Given the abilities of high performance (vector or parallel) processors today, simple
floating-point operations (flops) counts are not at all valid any more. On the other
hand, on a dedicated machine, the CPU time should be approximately proportional
to the number of flops, albeit the I/O will also cost time. We decide to measure the

CPU time required in each of the major components in the algorithm. We divide

the measurement as follows:
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® Touter = the time needed to form the outer product ®f:_12 u®.

e T = the time needed to perform the tensor multiplication ® for creating C}

in Line 5.
e T p = the time needed for the SVD at Line 6.

e T, = the total execution time, including every other possible details such

as 1/0.

For the case k = 3, we vary the dimension n = 2P for p = 4,...,9. For the case k = 4,
an order-4 tensor of dimension n = 28 requires 32GB bytes. So we limit ourselves to
p=4,...,7only. Each case of p is repeatedly tested 20 times with random starting
unit vectors and we plot the average as the running time in Figure 2.1}

It should not be surprising that the overhead T, remains almost constant for
the case k = 3 because no outer product is needed except for swapping columns at
Line 12. However, we find that neither Ty, does vary significantly even for the
case k = 4. What is interesting is that for small size problems, say, n < 32, the
overhead T'ryq is attributed mainly to Tsyp. But when n is sufficiently large, while
the SVD should cost more time, the cost T of the tensor product ® outweighs Ty p
of the SVD. It is seen in Figure that when n = 2% and k = 3 or when n = 27
when k = 4, the main contribution to Trrye is from Te.

CPU Time for Major Components CPU Time for Major Components

7 T

| | I Tsvp | . | EETsvp |
— | |ETouter — [ |EDTouter
E C 1 Trota ] = T Trota
S S
S 0 e 3 0 j
% 2
] T
g g
] Eel
=] =]
[ .
S S

% 6

8 . . . . . 5 . .

4 5 6 7 8 9 4 5 6 7
exponent p (k = 3, dimension n = 27) exponent p (k = 4, dimension n = 27)

Figure 2.1: Breakdown of CPU time needed for calculation of major parts in Algorithm H
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Example 2. We are curious about the performance of the SVD-based algo-
rithms when comparing among themselves as well some of the popular methods.
For this purpose, we apply the same stopping criteria to all methods — the itera-
tion terminates when three consecutive generalized Rayleigh quotients do not vary
more than the tolerance 1078, We measure the CPU time needed by our Algorithms
1-4, as well as the conventional ALS and symmetric ALS [109]. The problem sizes
are chosen in the same way as in Example 1. We execute each algorithm by 20 runs
with random initial unit vectors. They may converge to different limit points, but
we give every algorithm the same criteria to reach convergence. We compute the
average time. In all tests, we find that Algorithm [3] is fastest especially for large
p in Figure 2.2 Algorithm ALS and Algorithm [2] perform better when p is small.
Compared to randomise methods Algorithm [2] and Algorithm [3, Algorithm [T is less
effective for both small and large p.

gPU Time for Different Methods (Order-3 Tensors) gPU Time for Different Methods (Order-4 Tensors)

AL AL
S| A2 ] S| A2

A3 A3

[ISALS ] [ISALS

| |[TALS | ¢ . |llaLs

A4 I1Uﬂ 7 A !

pronont p( dlIu(,IlSlUIl n=2P) pronont p( dlm(,nswn n= 2”)

log(CPU time) (in second)

log(CPU time) (in second)

S
s

Figure 2.2: Breakdown of CPU time for comparison among different methods.

In Example 1, we find that the B-product T®g S is the most expensive part of
the calculation for our Algorithm [3] Since the conventional ALS method involves a
similar calculation, we make a rough complexity comparison between Algorithm
and the conventional ALS method. In the ALS method, forming ® ) requires
nk-1 entry—to—entry multiplications and there are k layers to form the inner product

T® ® ). Together with the required normalization, the ALS method requires

n* +n¥F~! +n scalar multiplications per update. In contrast, the SVD-based method
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k=2 gcalar multiplications per B-product if & > 3, and n? if k = 3.

requires n* + n
Additionally, the svds involved in the SVD-based method requires more overhead
than the normalization involved in the ALS method. It is difficult to estimate how
many iterations are required inside the svds to generate the dominant singular value
triplet, but the total cost should not be worse than O(n3). We thus estimate that
the SVD-based method requires O(n* +n*~2+n3) scalar multiplications per update.
These estimates seem compatible per update, however, the numerical evidence in
Example 2 clearly demonstrates that overall Algorithm [3|is significantly faster than
the ALS method.

Though they are not in the same category, it might be interesting to com-
pare the above-mentioned complexities of the iterative methods in one update to
those of finite algorithms. The so called SeROAP method proposed in [55] requires
O (2p(n

decreasing order phase and O(

k+1_”2)) scalar multiplications (where p is a user-defined parameter) for the

2(nk+1 —n?)
n—1

phase. Similarly, the ST-HOSVD and T-HOSVD methods proposed in [182] require

nkFt2onk_n2_1 EnFt24(1—k)nktl—n
O(T) and O( po

n—1

) scalar multiplications for the projection

) operations, respectively. These finite al-
gorithms give rise to some good approximations, but have no mechanism for further
improvement. So, they might serve as a good starting point for further iteration
such as by our SVD-based methods and the ALS method. We have not explored
this hybrid approach in this study.

It is worthy of a further remark on whether or how a scheme preserves sym-
metry. At first glance, it might seem that in our algorithms A1, A2, and A3, we
have imposed symmetry because we update two vectors simultaneously by the same
dominant singular vector. The fact is that because only two vectors are updated a
time while others are not affected, the symmetry is not required or even expected.
One of the most important points in our theory is that at the end all factors in
iterates converge to the same vector and, hence, symmetry shows up. On the other
hand, as is reported in Figure 2.2 imposing symmetry in the ALS scheme, which is
the SALS method, or imposing total symmetry in the SVD-based scheme, which is
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the A4 algorithm, has no advantage over the conventional ALS or the randomized
A3 algorithm.

Finally, we need to point out that, although the symmetric limit point (by non-
symmetric algorithms) for symmetric tensors is expected in theory, we have to set
some stopping criteria for the iteration in practice. Consequently, the numerical
results returned by non-symmetric algorithms might not be perfectly symmetric. In
contrast, the symmetric ALS method in [109] and our totally symmetric SVD-based
method (A4) always keep the symmetry in each step. They are slower, but have
the advantage of keeping the symmetry in bay when comparing to non-symmetric
algorithms.

Example 3. Even though we have taken the advantage of the SVD that pro-
duces the best approximation per iteration, its effect is limited to the locality. We
generate 15 random vectors x; € R and combine them into T = 21121 x!. As these
vectors {x;} are linearly dependent, we no longer have a good way to estimate the
rank of 7" [50]. Still, its best rank-1 approximation is guaranteed to exist. Applying
Algorithm [3] with 20 distinct sets of random starting unit vectors, we plot history
of iterations for each of the 20 tests. We continue to observe properties such as
convergence and monotonicity discussed earlier in this chapter. However, numerical
results in Figure indicate the possibility of having multiple local solutions. See
Lemmal[2.5.5] The number of locally best rank-1 approximations should be the same
of real solutions to the polynomial system , but that depends on 7. While
the SVD-based algorithms seem capable of capturing the solution with ”larger” ob-
jective values in most of the trials, this experiment demonstrates that the notion of
the best rank-1 approximation should be interpreted only locally.

Example 4. To experiment the sensitivity of a rank-1 tensor subject to pertur-
bations, we randomly generate six vectors Xg, X1, . . ., X5 € R'? from the identical and
independent standard normal distribution. Define Ty = x{. This rank-1, order-7,

dimension-10, and symmetric tensor Ty will be fixed as our target. Define the unit
Z?:l x]

ST
1325 Xl

tensor B = which generically is of rank 5 [50]. We perturb Tj via an
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. Convergence and Multiple Solutions

0 5 10 15 20 25 30 35 40 45 50
number of iterations

Figure 2.3: History of monotone convergence and existence of multiple best rank-1 approz-

imations.

additive noise of the form

TU:T0+0'B

where o € [0, 2] signifies the magnitude of the noise. By gradually increasing the
strength of perturbation, we compute the rank-1 approximation tensor T, of T, by
Algorithm[3] The noise level ||T,, — Tp||r = o is low relative to |||+, but the added
noise certainly disrupts the rank. Our goal is to compare the difference between T,
and the original Ty as well as the computed generalized Rayleigh quotient u(7T,).
Plotted in Figure [2.4] are the relative differences, showing that the computed rank-1
tensor T, is a reasonable approximation to Ty, but the discretion is large enough to
suggest that it is not recovering Ty exactly. It is interesting to note that, despite of

the high nonlinearity involved, the quantities |u(T,) — u(Tp)| and | Ty — Tp||r are

almost linearly in o.
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Random Perturbation of Rank-1 Tensor
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Figure 2.4: Relative difference L To)lr and o] between the computed rank-1

tensor Ty, and the original Ty.



Chapter

Non-Symmetric Best Rank-1

Approximation

3.1 Introduction

Finding the best rank-1 approximation to a generic tensor is similar to the sym-
metric case in Chapter 2 which is to determine unit vectors u® € R, ¢ =1,.. .k,

and a scalar A € R such that
2
HT—Au(l)@)...@u(k)H (3.1)
F

is minimized for a given generic tensor T' € R/**-*/k  For any fixed unit vectors
u®, ..., u® the optimal value of A for (3.1)) is given precisely by the length of the

projection of the "vector” T onto the direction of the "unit vector” ®’;:1 u ¢

R11><Ig><...><lk ie.
k
A=Auh, . u®) = (T, Q) u). (3.2)
=1
Thus, minimizing the orthogonal component of T', as is desired in (3.1]), is equivalent

to maximizing the length |\| of the parallel component. In [197], the expression ((3.2])
is called the generalized Rayleigh quotient of T relative to {u®, ..., u®}. Switching
the signs of the variables ul® if necessary, we may restrict our attention without loss

of generality to the case A > 0 only.

43
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3.1.1 Summary

This chapter is not concerned about how fast the different algorithms perform,
nor what quality they achieve. Rather, we are curious about the more fundamental
question of whether the iteration converges at all. Recall that the convergence theory
for the ALS method was established much later than the method had been put into
practice [52/179/189]. A similar concern is raised for the SVD-based algorithm — the
convergence of the generalized Rayleigh quotients is obvious, but the convergence
analysis for the iterates themselves has been elusive in the literature |75, Page 947].
In this chapter, we provide a rigorous mathematical proof for the convergence of
iterates from a specific SVD-based algorithm, which thus complements the theory.
We learn recently that an independent work in the report [193] also investigates
the convergence theory by using the Lojasiewicz gradient inequality [44}[132,/133].
Indeed, we have employed a similar technique in proving the global convergence of
the ALS method in [189]. The tactics we develop in this chapter for the SVD-based
algorithm are using an entirely different approach. Our approach relies only on the
continuity of singular vectors and real analysis, which, in our opinion, is much more

straightforward.

3.1.2 Outline of the chapter

This chapter is organized as follows. We begin with a brief review of the basic
operation in Section to prepare for the discussion. We describe two variants of
SVD-based algorithms in Section [3.3] The difference is at where the SVD is to be
applied. Our main result is presented in Section where we explain the meaning
of a tensor being generic and argue the convergence for the most basic algorithm.
Finally, though it is not the main objective of this chapter, we carry out some
exploratory experiments in Section to compare performance between proposed

and other types of SVD-based algorithms.
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3.2 Basics

We briefly review some notations in section for later useage in this chapter.
Given a fixed partitioning [k] = a U 8, we shall regard an order-k tensor T €
RIv-xIk a5 a "matrix representation” of a linear operator mapping order-s tensors

to order-t tensors [189]. Specifically, we identify T with the linear map
% . Rlalx--'XIaS N RIB1><"'><IBt, (33)

such that for any S € Rle1*>los ' we have

%(S) = T@@ S = [<7—[:|f1,...,ft]7 S>] c RIBlX"'XIBi (3.4)
where
Io‘l Ias
<7—[:‘f1,...,£t]7 S> = Z ct Z 7—[7;17~--,is‘51,~~->et}8i17-~~7is (35)
i1=1 is=1

is the Frobenius inner product generalized to multi-dimensional arrays. The 3-
product defined by is a natural generalization of the usual matrix-vector mul-
tiplication in the sense that if an order-2 tensor 7' € R™*" is regarded as a matrix,
and if the column is identified by the pointer a = {1} and the row by 8 = {2} so

({25{1})

that 7; = il , then with respect to given column vectors z € R” and y € R™

we can write

Tz = T®, z,
(3.6)
TTy = T®y.
This notation is handy in our convergence analysis later.
Mode products. For any matrix M = [my] € R™/¢ the mode-d matrix

product [[]is defined to be [14,[114]

P=Toxa M = (Al i) | € R tii st )
that is,
Iq

({d} {d}) _ -
P = Pjiyesda—rtidarieix Z LR AL TP PR PR (38)

(=1

LGiven a vector v € R!4, the so called mode-d vector product, denoted by T 4v, is equal to

T ®qyc v which is in RO Ta—1xTapr X Xy
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We should carefully differentiate B-product ®g from this d-mode product x 4. First,
notice that the d-mode product of a tensor with a matrix maintains the same order of
the original tensor, but the B-product reduces the order from k = s+t to t. Second,
notice that the d-mode product of a tensor with a vector is indeed a contraction.

When S is of the form S = uV®...@ul®, then

Io‘l IDés
J; 0,0 = Ce T[i17---7is\517---7Zt}ui11 .. uzj = o U as U e X U
i1=1 is=1

However, we are not aware of a consistent way to define the d-mode product when
S is a general order-s tensor.

The following basic facts will be used in the subsequent discussion.

Lemma 3.2.1. Given a general tensor T € RIv2X-xIv g partitioning [k] = aUB,

and vectors u) € R, ¢ =1,... k, then it holds that
k s t
(T, ® u?) = (T ® u@) ® ul®y. (3.9)
=1 =1 Jj=1
Lemma 3.2.2. Given a general tensor T € RIUI12xxI - qrbitrary vectors ul®) €

Rlei i € [k —2], v € R’ and w € R%1, then

k-2 j—1 k—2

(T®{/317,32} ® u(ai))®51 vV = <T®{61,o¢j} ® u(ai)®V® ® u(o‘i))®51 u(afe?).lO)
= =1 i=j+1
k—2 j—1 k—2

(T®¢s, 8} ® u(o‘i))®52 w = (T®(a;p,) ® u“owe ® u(ai))(@@ u(a(g.ll)
=t =1 i=j+1

for any j € [k —2].

Then we restate Lemma [2.2.6| and Lemma here as they are critical lemmas

for proving the convergence.

Lemma 3.2.3. [140, Lemma 4.10] Assume that a* is an isolated accumulation
point of a sequence {ay} such that for every subsequence {ay,} converging to a*,
there is an infinite subsequence {ax, } such that |ay; +1 — ax; | — 0. Then the whole

sequence {ay} converges to a*.
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Lemma 3.2.4. [70] Given a matriv A € R™ ™, then the global mazimum of the
generalized Rayleigh quotient
max y' Az (3.12)

y ER™ Iyl =1
z € R", ||z|| =1

is precisely the largest singular value o1 of A, where the global mazximizer (y1,2;)
consists of precisely the corresponding left and right singular vectors. The best rank-1

approximation to A is given by lelle.

3.3 SVD-based best rank-1 approximation

We now investigate a possible application of the singular value decomposition
(SVD) to the best rank-1 approximation of a generic tensor. We shall explain the
kind of generic property we need in the context. Our goal is to achieve the best

rank-1 approximation by improving two components a time via the SVD.

3.3.1 SVD certification

Suppose that )\®lz:1ﬁ(2) is the best rank-1 approximation to a given order-k
tensor T'. By 1’ the generalized Rayleigh quotient A = (T, ®f:1 ) is positive
and maximal. Consider an arbitrary partitioning [k] = e U 8 with the cardinality

|B8] = 2. By Lemma [3.2.1} we can write
k—2 2
A= <T®ﬁ ®ﬁ(0‘i)’ ®ﬁ(5j)>'
i=1 j=1

The product Cg := T®g ®i:12 (@) is a matrix in R’1*/%2. Since A is the max-
imal generalized Rayleigh quotient, by Lemma we conclude that @®) and
@®) must be the left and the right singular vectors associated with the largest sin-
gular value A of Cg for any 3. This is the SVD certification of the best rank-1

approximation to a given tensor 7.
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We are thus motivated to formulate an SVD-based approach to calculate the
best rank-1 approximation by iterations. Depending on the choice of B which dic-
tates where the certification is to be checked, the approach may appear in dif-
ferent variants. For order-4 tensors, for example, only the two pairs 8 = (1,2)
and (3,4) are alternatingly checked in [193], whereas all six combinations in the
order B = (1,2),(3,4),(1,3),(2,4),(1,4),(2,3) are checked in [75]. We propose
two alternatives. In Algorithm 1, we circulate through £ pairs of 3 in the order
(1,2),(2,3),...,(k—1,k) and (1,k). In Algorithm 2, we propose a random choice
of B = (o—_1,0k) where o is an arbitrary permutation of [k]. We do not think that
there is a significant difference in the performance among the variants, but the true
verdict is yet to be further investigated. In all algorithms, the most fundamental

concern is a proof of convergence for generic tensors.

3.3.2 Algorithm description

The most basic SVD-based approach is outlined in Algorithm 5] Two types of
dynamics are involved in this and all other algorithms. One is the dynamics of the
objective values, of which the analysis is straightforward. The other is the dynamics
of the iterates, which is much harder to characterize. We will discuss the convergence
in the next section.

To convey the idea, we adopt the subscript [ in Algorithm [5] to indicate the
quantity at the p-th iteration. Each sweep of p at Line 1 in Algorithm 5| involves k
pairs of B ranging circularly from (1,2),(2,3),...,(k—1,k) and (1, k). It is tricky
that last pair has to be in the order (1,k), as the reversal (k,1) will not work.

Each u@)

1] is updated twice. The first updates for £ = 2, ..., k, denoted by i at

[p+1]

Line 10, are not essential and can be completely removed from the algorithm, but its

presence helps bridge the monotonicity. The update ﬁ[(;) is temporarily overwritten

+1]

as u[(;)ﬂ] at Line 9 for the computation of C’[(]f]) at Line 4 for £ =2,... k—1, but will

be updated again at Line 17. The switch of signs at Line 7 conditioned upon Line 6 is

to ensure that the iterates are aligned in one direction and thus avoid discontinuous
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Algorithm 5 (Best rank-1 approximation via SVD updating with cyclic progres-

sion.)

Input: An order-k tensor 7' € Rk and k starting unit vectors ufg]) c Rl
¢ € [k]

Output: A local best rank-1 approximation to T
1: forp=0,1,---, do

2. for¢=12,---,k—1,do
4: C(f T®54 ®Z . u[erl ®®Z 042 uipi {A matrix of size Iy X Ip41}

5: [u, s, v] = svds(C e]) . 1) {Dominant singular value triplet via Matlab
routine Svds; assume uniqueness }

6: if u; < 0 then

7 u=—u,v=-—v {Assume the generic case that u; # 0; otherwise, use

another entry.}

8: end if
9: ugl” =u {If ¢ =1, this is ﬁ([;i_l}; otherwise this is the second update
+1],1f2<€</€}

10: gﬂ]) =v {Skipping this step will not affect C’[(Jfrl) at Line 4.}
11: )‘Eﬁﬂ =5

12:  end for

3. B, =(1,k) {Not (k,1)!}
14: C[(p]) - T@gk ®z 9 u(‘)_’_l} {A matrix of size I; X Ik}

15 [u,s,v] = SVdS(C’[:j), 1) {Dominant singular value triplet via Matlab routine

svds; assume uniqueness}

16: ug;)ru =V {After adjusting the signs of u and v properly as in Line 6.}

L .
17 uply=u
. (k) .
18: )\[p+1] =5

19: end for
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jumps. The continuity of the dominant singular value and the associated singular

vector is critical to convergence. The intermediate values )\Eﬁll} are registered in the

(k)

algorithm as well, even though only )\[p ]

at the final stage is crucial.

The above algorithm is still alternating in nature, but is different from the alter-
nating least squares (ALS) approach that has been popular for computing the best
rank-1 approximation [50,/109,/197]. The most significant difference is that, since

the dominant singular vector uglu and v¥ ] of the matrix C’[(]f]) gives rise to the

[p+1

absolute maximal value A . for the functional

[p+1]

/-1 k
g(x,y) == (T, Quf’)  @xeye ) ul) (3.13)
=1 =042

among all possible vectors x and y, the mechanism of updating x and y simulta-
neously in Algorithm [5]is going to increase the generalized Rayleigh quotient faster
than the combination of two applications of ALS approach to x followed by y in
one step, provided that the initial information is the same. The two-in-one gain is
also better than the maximum of updating x or y separately |75, Proposition 4].
We stress that such an advantage happens only when the comparison is made at the
same point. There is no general theory at present to support that the SVD update
will continue to be superior to the power update in the long run, once they depart
toward different directions from the same starting point.

Other than for systematically bookkeeping the progression of 3, there is no par-
ticular reason that we have to cycle through the ¢-loop as is indicated in Algorithm [5]
An alternative way is to shuffle the columns u™, ..., u® by a random permutation
o and generate a matrix C' for updating. This randomized procedure is modified at
Line 7 in Algorithm [0l To avoid confusion with data generated from Algorithm
we employ a slightly different notation when describing the progression in this algo-
rithm. For simplicity, we always choose to update the last two vectors u(?s1) u(@x)
after the permutation. It is known in probability theory that the expected number of

k(k—1)

trials for a permutation to recur is =5—. Nonetheless, by the time that a repetition
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Algorithm 6 (Best rank-1 approximation via SVD updating with randomization.)

Input: An order-k generic tensor T and k starting unit vectors u¥, ... u* e R®

Output: A local best rank-1 approximation to T

1: t <0
2: Ao+ (T, Q_, u?)

3: repeat

4: t+t+1

5. o < random permutation of {1,...,k}

6: By < (0k-1,0%)

7 G Tog, @72 ulw

8 [w, s, v =svds(Cy, 1) {Dominant singular value triplet via Matlab routine

svds, assume uniqueness}

9: if (w); <0 then

10: u = —u,v=—v; {Assume the general case that (u;); # 0; otherwise, use
another entry}

11:  end if

12: A S

13: ul@-1) uy, ul?s) v,

14: until )\; meets convergence criteria

of permutation 3, occurs, the vectors u", ... u® should have been changed. Re-

peating the random permutations sufficiently many times should get the iteration to

move forward. The concern of reiterating with the same matrix C; at Line 7 should

be nominal. It is interesting to note from our numerical experiments in Section

that this randomized algorithm turns out to be the most efficient when comparing

with other variants.
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3.4 Convergence analysis

In this section, we analyze the convergence for the above algorithms. First,
because the SVD at each update always selects the dominant singular value and the
corresponding left and right singular vectors, each of the two algorithms enjoys the
property that the corresponding sequence of the generalized Rayleigh quotients is
bounded and monotone increasing. The convergence of the objective values is

obvious.

Lemma 3.4.1. The scalars {)\Eﬁ])} generated in Algorithm@form a monotone con-

vergent sequence for each ¢ = 1,...,k and all converge to the same value.

Lemma 3.4.2. The scalars {\} generated in Algorithm @ form a monotone con-

vergent Sequence.

It remains to prove the convergence of iterates themselves under generic con-
ditions [193, Assumption 3.1]. What happens is that there are cases where the
iterates do not converge [114], but these cases form algebraic varieties, i.e., zeros of
a certain polynomial system, that are of measure zero in the space of general ten-
sors. The complement of this zero measure set is open and dense under the Zariski
topology [164], which is what we referred to as generic. To avoid using jargons from
algebraic geometry, we shall be more specific in the following argument when generic
properties are required.

We learn recently that authors of the report [193] independently prove the con-
vergence of their variant of an SVD-based algorithm by exploiting the monotone
convergence of values )\[(;f]) and \;. Their proof relies on the framework developed
in [10] and utilizes the the Lojasiewicz gradient inequality. A similar idea has been
employed in our earlier work in [189]. Our contribution in this chapter is a new,
shorter, and more direct proof. In either case, the analysis should fulfill what was

declared as

in |75, Page 947].

we do not have a complete understanding when this will happen”
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3.4.1 Convergence of Algorithm

The two SVD-based algorithms outlined in the proceeding section differ by the
way (3 is specified. To convey our idea, we first characterize the limiting behavior
of Algorithm [5| where 3 is changed systematically in a cyclic pattern. Observe that
for each fixed ¢, because Hug})Hg = 1 for all p, the collection {ug]) } must have a
convergent subsequence. There are only finitely many ¢. Selecting a subsequence
of a subsequence if necessary, we can find a common subset {p;} of nonnegative

integers so that {u([ﬁj]} converges simultaneously for all ¢ € [k].

Lemma 3.4.3. If subsequences {ugi}} generated by Algom'thm@ converge simulta-

neously for all £ € [k], then so do subsequences {C[(Ifj]} and {u([]fzﬂ]}.

Proof. The simultaneous convergence of {ufﬁj]} for ¢ = 3,...,k implies that the
subsequence {C’[(plj )]} converges. By the continuity inherited in the SVD [29,/192],
the subsequence of the left singular vectors {ﬁ([;j) +1]} of C[(;]?] converges also since
we have already aligned them in one direction. But then by definition, {C[(pi )]}
converges and, thus, so does {u([;) +1}}. We can repeat this argument by cycling
through the ¢-loop in Algorithm . At the end, the matrices {C[(:; )]} together with the

(1)

corresponding left singular vectors {u[pj +1]} and the right singular vectors {u&) +1]}

must also converge. O

Denote the respective limit points of the above subsequences by

(

: () —
lim; o0 C[pj] = OO,
¢ e [K], (3.14)
: =(0) NG
: (0) ()

where the subscript 4 is a handy way to distinguish, at least for now, that the limit
points corresponding to the subsequence [, 1) might be different from those, denoted

by the subscript 4, of the original subsequence ,,;. By the way C[(If 3] is defined, it
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follows that

CO =Teg, ( ®uﬁZ ® ® uh : (3.15)

=042
We already point out in Lemma m that all matrices C¥), ¢ € [k] share the

same dominant singular value X. We now explore the relationships among dominant
singular vectors of all C®) matrices.
With respect to a given convergent subsequence generated by Algorithm [5], the

following result asserts that all dominant (left) singular vectors are the same.

Lemma 3.4.4. Assume that T is such that, with respect to the given simultaneously
convergent subsequences {ufﬁz}} generated by Algorithm@ the dominant singular
value \ of the corresponding limit point C© € RIexlevr defined in (m 15 simple
for all ¢ € [k]. Then the limit points defined in satisfy the relationships that

© _ =0 (©)
W = Wyt =y,

0(6) = T®Bz <®z 1 l)®®z ={+2 (2))’

Proof. For convenience, we employ the abbreviations ®; and ®- to indicate, respec-

¢ € [k]. (3.16)

tively, the row-matrix and matrix-column multiplications already delineated in (3.6)).
In reality, it must be noted that we are dealing with multiplications of matrices and
vectors of different sizes.

By using Lemma |3.2.2) we first observe the equalities

) (0) RN (BN (23
Cp®1 ) = AU, 4]
—1
o (1)
= (T®g, (u Up ] ® pi+1]® ® u[p ] )®1 u[p +1]
i=0+2
_ ~(1) (4) (2) (€+2)
- (T@ng <u[Pj+1]®®u[Pj+l]® ® u[Pj]))@Q U,
=2 i=0+3
= Cpeaul?, r=2. k-2 (3.17)
Similarly,
1) o (1) _ 1) (2
C’[117]-]@1 Uy = >\[M+1]u[l7j+1]
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k

= (T®g, ( ® ®1upj+1}
=3

— @) (4) B _ 2 (3)
- (T®ﬁ2 (u[pj+1]® ® u[Pj])>®2 u[pj] = C[Pj]®2 u[pj]. (318)
i=4
The special "twist” at Lines 16-17 with 3, = (1, k) in Algorithm |5 allows us to have

the identities

(*) B k)W)
Chp—®2 Uy = Ap Uy,

k—1
= (T®g, (@ ufl) )@, uf))

1 2
Finally, we also have
(k—1) (b=1) (k1) 5 (k)
Clogt @1 ) = AU i)
k—2
_ =~(1) (4) (k—1)
= (T®p, , (), @@ uy, )@ a2
i=2
k—
1 k)
= T®Bk ® @1 11( )+1] C( ]®1 [(p)+1] (320)

=2
Taking the limits, then it follows by construction and continuity that we have the

relationships:

Xuél) = CWe, u(2) (by (3:19))

CWe 6" = MG =C%@,ul’,  (by BI8))
0O, u” = XY =g, u"Y, r=2,... k-2 (by B17))

Cc*D @, uékfl) _ }\’ﬁék) —c® @, ﬁél)a (by )

cW @, ut(il) = Xuék). (by Lines 16-17 in Algorithm

By assumption, the dominant \is simple and the corresponding singular vector
is unique up to a sign change. However, because in Lines 6 to 8 of Algorithm [5| we

have already required the first entry of the dominant singular vector to be positive,
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such a sign change does not exist. The best rank-1 approximation to the matrix C¥)
therefore is unique. Recursively, the above relationships imply that the best rank-1

approximation to the matrix C'® can be expressed in two ways:

(

0~ d’eou? = W ea?,
cO ~ aeu = e, (=2, k-1, (3.21)
c® ~ i ed” = d’eul

\

By the uniqueness of dominant singular vectors for C'“) for each ¢ € [k], the assertion

(3.16]) follows from ([3.21)). O

The question is when the assumption imposed on 7' in Lemma will hold.
Specifically, let Q denote the set of tensor T € RI*[2X-xIk where there exists a
convergent subsequence {ufﬁi]} such that the dominant singular value of the limit
point C¥ of the corresponding {C’éfj]} C RIe*Iet1 is not simple. How large is the set
Q7

Consider the fact that symmetric matrices with multiple eigenvalues form an
algebraic variety of codimension two [56]. For almost all matrices, therefore, the
largest singular value is simple. For one particular limit point C'© to have multiple
dominant singular values, the subsequence {C[(]f J)]} that leads to it must approach
arbitrarily close to that variety of matrices with multiple dominant singular values.
But {C'[(}fj)]} is defined in a specific algebraic way as in Line 4 of Algorithm . Back-
ward tracing, the occurrence of C'© with multiple dominant singular values depends

(%)

on the set {uy,

i € [K]} of unit starting vectors, the particular subsequence {,}
selected, and the underlying 7. Any change of the starting vectors could alter the
course of iteration. The choice of a different subsequence could lead to a different
limit point. When both changes do not obliterate the appearance of dominant sin-
gular values, the tensor T itself must be something special. We thus conjecture that
the set (2 should not be generic. Such a reasoning, of course, does not constitute a

mathematical proof to support its genericity because we do not know of an analytic

way to quantify a generic T'. Thus, at the moment, we can only call it an assumption
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to be satisfied. Note that Lemma is subsequence dependent. Its conclusion is
with respect to only one particularly given convergent subsequence. The following
condition is much stronger than what we need in Lemma [3.4.4]

Condition A. We say that a given order-k tensor T satisfies Condition A if
for every convergent subsequences {u([]fj_]} generated by Algorithm [5| and the corre-
sponding subsequence {CL(;;}}’ ¢ € [k], the dominant singular value X of the limit
point C¥) € RIex1er1 defined in is simple for all ¢ € [k].

We conjecture that Condition A holds for almost all order-k tensors. Even if
not, keep in mind that it will be considered together with the Condition B which is
generic and will be described below.

By the way the iteration is defined, and if Lemma holds, any stationary

point of Algorithm [5| necessarily satisfies the system of equations

/-1 k k
T, (Que Q) u®) = (7, Qu)u®, e[k (3.22)
i=1 i=0+1 =1

The equation is a polynomial system in the unknowns (u"), ..., u®) € Rt x
. X R™ with leading coefficients from entries of T. By the theory of parameter
continuation [164, Theorem 7.1.1], we know that for almost all tensor T' € C/1>->%k
except for an affine algebraic subset of codimension one in Ct x ... x C!¥, the
solutions to are isolated. Together with the fact that R is dense in C under
the Zariski topology, the real solutions are also isolated.
Condition B. We say that a given order-k tensor T satisfies Condition B if the
real solutions to the corresponding polynomial system are isolated.

Lemma 3.4.5. For almost all tensors T, the accumulation points of the sequence

{u;} generated by Algorithm E’S] and Algom'thm@ are geometrically isolated.

Finally, we are ready to claim our major result which serves as the theoretical ba-
sis complementing the SVD-based Algorithm [5. We say that a tensor T € RIV<> 1
is generic if it satisfies both generic conditions A and B. The non-generic tensors

must reside on some algebraic varieties and, hence, are of measure zero.
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Theorem 3.4.1. For almost all order-k tensors T satisfying Condition A and for
arbitrary starting points, the vector sequence {(ug]), e ,uE:}))} generated by Algo-

rithm@ converges to a local maximizer of the generalized Rayleigh quotient \(u™, ... u®)
defined in (3.9).

Proof. Let {u([g]} be any simultaneously convergent subsequences for ¢ € [k]. By

Lemma |3.4.3, the subsequences {ufﬁj +1]} also converge. Indeed, by Lemma |3.4.4

both subsequences converge to the same limit point for all ¢ € [k]. Thus ||uf;2 ik

u[(ﬁj)_]H — 0. On the other hand, by Lemma [3.4.5| we assume that the limit point is

geometrically isolated. The convergence of the entire sequence {ugj}} to the same

limit point follows from Lemma |3.2.3| O]

3.4.2 Convergence of Algorithm [6]

Now we argue the convergence of Algorithm [6| where 3 is changed randomly. For
clarity, enumerate the column vectors at the end of Line 13 by {ugl), . ,ugk)}. By
construction, for ¢ > 1, only two of these vectors are updated by the dominant left
and right singular vector of C; while others remain the same. Now we establish the

following result.

Theorem 3.4.2. For almost all order-k tensors T and arbitrary starting points,
the vector sequence {(uﬁl), e ,uﬁk))} generated by Algom'thm@ converges to a local

mazimizer of the generalized Rayleigh quotient defined in .

Proof. Suppose that {ug) } is an arbitrary subsequence converging to u') simultane-
ously for ¢ € [k]. Suppose also by Lemmathat the limit points T, ¢ € [k], are
geometrically isolated. By construction, i.e., Line 7 in Algorithm [0} the subsequence
{C’g}rl of matrices converges. By continuity, the subsequence {ugll} must also

¢ ¢
ugi?‘,—l - u,gi)

converge to u'”). In particular,

‘ — 0. The condition in Lemma [3.2.3

therefore is satisfied. It follows that the whole sequence {ug)} converges to ut?. [

We remark that in our recent work for symmetric tensors [79], we have also

proposed an SVD-based algorithm by using a mechanism of random update similar
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Figure 3.1: Comparison of CPU time among different methods.

to that adopted in Algorithm [0 The analysis there, in order to maintain symmetry,

is much more involved than what we have shown above for non-symmetric tensors.

3.5 Numerical experiments

The idea of updating two factors simultaneously by taking advantage of the
two-in-one global optimization property of SVD is appealing. Thus we investigate
and offer a theoretical justification that the two variants of SVD-based methods de-
scribed in this chapter indeed converge. Two questions naturally arise. First, is there
a significant difference in performance among different SVD-based algorithms? Sec-
ond, is the SVD-based algorithm always superior to the conventional ALS method?
Although rigorous numerical testing is not the main objective of this chapter, we
carry out some preliminary experiments with the hope of partially satisfying our
own curiosity.

Experiment 1. To our knowledge, there are at least five variants of SVD-
based algorithms. These are the ASVD [75], the MASVD [75], the block SVD
(BSVD) [193], as well as Algorithm and Algorithm@ introduced in this manuscript.
We are interesting in comparing the CPU time required for the iterates to meet the
same stopping criteria — the iteration terminates automatically when the generalized

Rayleigh quotients do not vary more than the tolerance 107° in three consecutive
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iterations. As a general reference point, also included is the performance of the
conventional ALS method. To check the scalability, we consider the case where
all factors are of same dimension and vary the size of problem as n = 2P where
we choose p = 5,...,8 for k = 3 and p = 3,...,6 for £ = 4. Each case of p
is repeatedly tested 20 times with random starting unit vectors. We plot average
running time in Figure [3.I] It should be pointed out that even from the same
starting points, different methods may converge to different limit points because
they involve different dynamics. Regardless, the comparison is based on the same
starting points subject to the same stopping criteria for convergence.

For problems of modest sizes, e.g., n = 2% for k = 3 and n = 2* for k = 4,
the cost of SVD computation outruns that of the high-order power method. Thus
the ALS method uses less time at these modest dimensions which amounts to a full
and dense tensor with approximately 2'¢ to 2'® entries. For odd order tensors, the
block structure in the BSVD necessarily updates one vector via the ALS algorithm,
which slows down its convergence. Thus we see that for order-3 tensors, Algorithm [6]
outperforms the BSVD when p > 6. For order-4 tensors, both Algorithm [ and the
BSVD method in [193] update two distinct vectors simultaneously, thus are about
equally fast. On the other hand, the cyclic progression of Algorithm [5{updates each
factor twice but only the second time counts. So, it literately updates one factor a
time. As such, it should always be less effective than Algorithm [6f The MASVD
requires multiple ASVD calculation, so it is more expensive than ASVD. The ASVD
checks through all possible permutations, so its performance is about the same as
that of the Algorithm

Experiment 2. In this experiment, we want to assess the quality of the iterates
generated by the SVD-based method and the ALS method. To fix the idea, we
consider a given order-4 tensor with n = 26. We use the ratio % as the
measurement of quality. The idea is that the larger the generalized Rayleigh quo-
tient, the better the quality of the iteration. A positive ratio means that the SVD

method is improving better than the ALS method, and vice versa. We perform
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Comparison of \ between Algorithm 1 and ALS Comparison of \ between Algorithm 2 and ALS
T T T T T 8 T T T T T T T T

frequency of occurrence
frequency of occurrence

Asvp—Aass Asvp—Aars
17T Il

Figure 3.2: Comparison of quality between SVD and ALS.

the iteration 10, 50, and 100 times for each of the 20 randomly generated initial
vectors for the same tensor and measure the ratios. These iteration steps are far
away from convergence, but speak of an important trend. Plotted in Figure |3.2] are
the histograms of ratios in 10 bins, when the comparison is made with respect to
Algorithm [5] and Algorithm [6] respectively. Note that in the initial 10 iterations,
the (dark blue) lobe of ratios leans toward the right of 0, indicating that the SVD
method gives better improvement than the ALS method. However, when sufficiently
many iterations are taken, the statistics in Figure clearly shows that the (yellow)
lobe shifts toward the left, indicating that the ALS method is gradually catching up
the quality. In certain case, the ratio is negative, indicating that the ALS method
might lead to a better local optimum eventually, although we have not seen the ulti-
mate convergence yet. Comparing the two histograms in Figure |3.2 we also notice

that Algorithm [6] generally keeps more positive ratios than Algorithm [5] does.



Chapter I

Orthogonal Low Rank Approximation

4.1 Orthogonal low rank approximation

A tensor of the form ®f:1 U =uV®. . @uk = [u(»l) X ul(f)} where elements
are the products of entries from vectors u” € R, i = 1,...,k also referred as
components is said to be of rank one [110].

For a given tensor T' € R'**Ix ]ow rank approximation studied in this chapter

1S to minimize

R k
HT YA Qut | (4.1)
r=1 i=1
——
Hy

subject to the mutual orthogonality condition that

H< ul u ;2>> = 5,10y, forall 1<r,m <R, (4.2)
=1

where ug) are unit vectors for i = 1,...,k, r = 1,... R. To satisfy the constraints

(4.2), one of the following orthogonality conditions has been imposed:

1. Complete orthogonality [40,[110,114]: For all i =1,... k, and 1 <1y #ry <
R, (u?),u?) =1, and (uf), uy)) = 0.

2. Orthogonality: For alli =1,...,k, and 1 <r < R, (ur ,ug)) =1, and for

62



4.1 Orthogonal low rank approximation

some 1 <14 <... <1, <k,

<uffll), uff;)> =0,..., <uffl“),u(“ > =0, V1<r #r<R.
3. Semi-orthogonality [40,|166}/190]: For all i = 1,...,k, and 1 < r < R,
(u” u) = 1 and there is one i such that

(u(’) u(l)) = 0, V1 S 1 7£ T2 S R.

71 T2

As a result, the low rank approximation problem (4.1)) with the constraints (4.2))

can be classified as

1. Completely orthogonal low rank approximation:

2
min

T - Zr 1)\®z 1117«

)

F (4.3)

subject to the complete orthogonality constraint.

2. Orthogonal low rank approximation:

2
T - Zle >‘T®f:1 ug"l) )
F (4.4)

subject to orthogonality constraint.

min

3. Semi-orthogonal low rank approximation:

2

min |7 — 3% AQF lur

)

F (4.5)

subject to the semi — orthogonality constraint.

Completely orthogonal low rank approximation and semi-orthogonal low rank
approximation of tensors have been studied, for example, in [40,(157,|{190]. The
workhorse” algorithm for rank-1 approximation and semi-orthogonal low rank ap-
proximation of tensor has been alternating least squares (ALS) method which has
been proved to be convergence globally for almost all tensors in [189,/190]. The

completely orthogonal low rank approximation of tensors is similar to the truncated
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SVD of matrices. Obviously, complete orthogonality implies semi-orthogonality,
but the converse does not hold. Orthogonality is just a bridge between complete
orthogonality and semi-orthogonality since orthogonality is exactly the complete
orthogonality if © = k and it reduces to semi-orthogonality if ©x = 1. The more
restricted constraint by adding extra orthogonal factor matrix might be useful for
other purpose.

Orthogonal low rank approximation of tensors has been highlighted in [190] and
its ALS has been considered for this question. It has been pointed in [190] that " the
technique employed in the preceding section might not be immediately generalizable
because we need to prove the convergence of both sequences {Vfﬁg]l)} and {ank[;]}
simultaneously. More study is needed”. Furthermore, it has also been addressed
in [190] that ”the question of more than one semi-orthogonal factor matrix, except
for the case of complete orthogonality, remains open”.

Since orthogonal low rank approximation is an open question addressed in [189]
and it includes the completely orthogonal low rank approximation and semi-orthogonal
low rank approximation as two special cases, we focus on this open question, i.e.,
we study orthogonal low rank approximation of tensors in this chapter.

Because of the constraints , the base tensors H, (r = 1,..., R) are mutu-
ally orthonormal and the expression for the optimal scales A, in can also be
interpreted as the length of the projection of the ”vector” T onto the "unit vector”

H, under the Frobenius inner product, and are necessarily given by

k
A=A (uﬁ” . .,u$k>) = <T, ®u5f‘>> r=1,...,R. (4.6)
i=1
Thus, the orthogonal low rank approximation problem (4.4) can be reformulated as

e Orthogonal low rank approximation:

R
max y ., A2,
- (4.7)

subject to the orthogonality constraint.
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In this chapter, for orthogonal low rank approximation problem (4.4) (i.e., (4.7)),

we assume without loss of generality that

<u(k—,u+1) u(k—u+1)> —0.... <u(k) u(k)> =0, V1<r #r <R (4.8)

T1 ’ T2 Ty Y T2

4.2 Summary

In this chapter, we focus on the orthogonal low rank approximation of ten-
sors. Inspired by the SVD-based algorithms for the rank-1 approximation [78,79)
and algorithm in [40], we develop an SVD-based algorithm for orthogonal low rank
approximation of tensors, which updates two factors simultaneously and maintain
the required orthogonality conditions by means of the polar decomposition. The
convergence of our SVD-based algorithm for both objective function and iterates
themselves is established. Moreover, numerical experiments have been presented to

illustrate the performances of our SVD-based algorithm.

4.2.1 QOutline of the chapter

The rest of this chapter is organized as follows: some preliminaries including the
basic definitions and notions of tensors are provided in Section .3, Then our SVD-
based algorithm is developed in Section and its global convergence is analyzed
in Section Numerical experiments are presented in Section [4.6]

4.3 Basics

The following lemma is essentially the well known polar decomposition [89,/90,
102] which reveals the trace maximizing property that will play an important role

for the development in the next section.

Lemma 4.3.1. Let matriz A € R™ "™ with m > n have polar decomposition

A=QS,
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where Q) € R™*™ 4s the column orthogonal polar factor and S € R™ ™ is the symmet-

ric positive semi-definite factor. Then

Q = arg max Trace (PTA> )

PeRmxn, pTp=]

Moreover, if A is of full column rank, then QQ above is unique.

The next Eckart-Young Lemma provides the mechanism of our SVD-based algo-

rithm in next section for updating two factors simultaneously.

Lemma 4.3.2. [70] Given a matriz A € R™*", then the global mazimum of the
generalized Rayleigh quotient
max (x, Ay) (4.9)

x €R™,|x]| =1
yEeR |yl =1

is precisely the largest singular value o1 of A, where the global mazimizer (z,y)
consists of the corresponding left and right singular vectors of A, and thus the best

rank-1 approzimation to A is given by oyx'y.

We close this section by one more lemma which will be used to prove the con-

vergence of iterates.

Lemma 4.3.3. [79,(140,|198] Let {a,} be a bounded sequence of real numbers. If
the accumulation points of the sequence {a,} are isolated, and for every subsequence
{ax;} converging to a accumulation point a* there is an infinite subsequence {ax; }

such that |ay; 11 — ax; | — 0, then the whole sequence {a,} converges to a*.

4.4 Algorithm for Orthogonal Low Rank Approx-
imation

Followed by our previous work [78,[79] for the rank-1 tensor approximation using

SVD and [40] for the completely orthogonal low rank tensor approximation, we
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apply the similar ideas to the orthogonal low rank approximation problem and
update two factors simultaneously. There is an additional challenge to maintain the
required orthogonality condition in (4.7)), we handle this difficulty by means of the
polar decomposition [89).

(1) (0) _ (¢+1) (k)

For any w,”,...,uy",uy "/, ...;upy ', r=1,... R, it is important to know how

we can update to obtain ”better” ones.

(i) Forany 1 </<k—p—1landr=1,2,..., R, let By = ({,{+1) and

CY = T, (§§ufﬂZ ® ® ull

i=0+2

Denote the dominate left and right singular vectors of c¥ corresponding to its
largest singular value by @' and ﬁgﬂ), respectively. Then by Lemma [4.3.2}
g g y Y Yy

we have

k
A = <T, ®ugf>>:<ug>, c;f>ugf+1>>
/=1

< max <x, C}f’)y> = <ﬁ£@’ C(f)ﬁ£z+1)>
xTx=1, yTy=1

= A

Obviously, we can update u by i and u“Y by al .

(ii) The Lagrangian for the optimization problem (4.7) (i.e., (4.4))) is

£ zv iim@(@, DEVEED SEND DI RN

/=1 r=1 1<ri<ro<R fl=k—p+1

where A\, is given by (4.6)) and pr ,ozﬁ?rz are Lagrange multipliers. According

to [130], the first order optimality condition for a stationary point is to satisfy

A T®, ®u(l®®u = Tug), (=1,....k—p, r=1,...,R.
i=0+1
(4.10)
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and

-1 k (0) (0
i i 0, (¢ Qryr (¢ Qrry (¢
N T®, ®u£) ® ® u® | = pPu® + Z 71u$=1) + Z Tzuﬁg), (4.11)
i=1 1=0+1 ri<r r<ra
C=k—p+1,....kkr=1,... R.
It follows from the orthogonality condition that
P =X ¢=1,...,k, r=1,...,R,

and furthermore,

VOAO = pg®s®  §O) is symmetric, L=k—pu+1,...,k, (4.12)

where
-1 k
Vg)—T@g u,@@@uf) , b=k—p+1,....k, r=1,.. R,
i=1 i=0+1
and
¢ ¢ ¢
V() = |:V§), ,Vg%):|7
0 _ ¢ ¢
U() - |:11§), 7u§%):|’
¢
Ay
A —

It is from Lemma and equation that we can update U®) by the
orthogonal polar factor of the matrix VWA®: Let the polar decomposition of
VOA® be

VOAO =gOSO ¢ =k —pu+1,...,k,

where U® is column orthogonal and S® is symmetric and positive semi-

definite.
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Denote
X§F>:<v§@, ﬁ£f>>, (=k—p+1,... .k, r=1,... R
We have
R R
Z()\f))2 = Trace ((U NTYOAE ) < Trace ((U(e Ty ® > Z AONO
r=1 r=1

C=k—p+1,... k.

Consequently, we have by using the Cauchy-Schwarz inequality that

R

R
> (A0 Z AN b=k —p+1,... K, (4.13)

r=1

and the equality holds if and only if

ANO=\O =k —p+4+1,...,k, r=1,...,R.
Hence, we update U by U® for 0 =k —pu+1,..., k.

To update two factors simultaneously as possible, we have to consider if k — 1 is

even or odd:

e For the case that k — pu is even, we can update ! and u!Y

by SVDs for ¢ =1,3,...,k—pu—1,r=1,...,R. Then we can update U®

simultaneously

with ¢ = k—p+1, ..., k by polar decompositions given in (ii) above to ensure

the orthogonality condition.

(0) (44+1)

e For the case k—p is odd, we can update u,;’ and u, ' simultaneously by SVDs

for =1,3,....,k—pu—2,7r=1,..., R Next update the new "u* # "7 and
ulF simultaneously by SVD (so, uﬁk "1 will be updated one more time),
r =1,...,R. Then we can update U with ¢ = k — u + 1, ..., k by polar

decompositions given in (ii) above to ensure the orthogonality condition.

The idea above leads to our SVD-based algorithm named Algorithm [7| for

orthogonal low rank approximation of tensors.
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Algorithm 7 (Orthogonal low rank approximation for tensors.)

Input: An order-k tensor T' € RI***Ik and starting unit vectors uff[)o] € Rt 0 =

.,k,rzl,...,Randul(.?O]J_u(g)o] ford=k—pu+1,....k,1<i#j<R

Output: An orthogonal rank-R approximation
1. T = ——T {Normalize T'}

||TH
2 Ti=k—p—1

3: if k£ — p is odd then
4 Ti=k—pu—2

5. end if

6: for p=20,1,..., do

7. for/=1,3,...,7 do
8: Be=(£,0+1)

9: forr=1,2,... R, do
10: o9 1] = =T®3, (@1 . Tl €p+1] R rro ufq’%p]) {A matrix of size I; x Iy}
11: [u,s,v] = SVdS(C’ﬁp L D) {Dominant singular value triplet via Matlab

routine svds;assume uniqueness}

12: if u; < 0 then

13: u=—u,v=-—-V

14: end if

15: uv(f[)pH] =u

16: ufue[;}rl] = v{if k — p is odd, use uik[ f:l]l) =v}

17: )‘(Ep+1] =s, /\Ef[—;i)l = s {if k — p is odd, use )\rk[pﬁl]l) = s}
18: end for

19:  end for

20 if 7=k —p—2then

2. P =(k—p—1,k—p)

22: forr=1,2,...,R, do

23: Cr(k[pf1 ) =1®g, , , (®f:_1“_2 y r[p+1] ®(®z k1 u(Z ) {A matrix of size
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Timp1 X Ty}

24: [u, s, v] = svds(C (k[pfl] b, 1) {Dominant singular value triplet via Matlab
routine svds;assume uniqueness }

25: if u; < 0 then

26: u=-u,v=-v

27: end if

T R

29: )\fﬁ;j:f]l) = s, Aik@fi] =s

30: end for

31:  end if

3. forl=k—-—p+1,...,kdo

33: forr=1,2....R, do

34: Vi,ﬁ[)pﬂ] = T®, (@Z 1 u(z 1] © QL o+l u( ) {define columns of V[z(ﬁl]}

35: Xfﬂ?p Ly = (ang[)p LU ) {define diagonals of Al +1]}

36: end for

37: UL, Sy = poldec(V{) AP )

38: forr=1,2,....R, do

39: u7("z[)p+1] = U[;J)rq(' r)

40: M) = Sy (77) (= (Ve W)

41: end for

42:  end for

43: end for

4.5 Convergence

In this section we prove the convergence of objective function (4.4) first and then

the convergence of iterates.
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4.5.1 Convergence of objective function

As discussed in (i) of Section 3, Algorithm [7| ensures an inherent ascending

property on A, = A, 'l e ,u(k) in the sense that
(Pl 7[p] 7,[p]

_\® 3) (k—p—1) _ y(k—p) —
/\r[p]<>\ Ip+1] — A [p+1]<)\ Jp+1] = /\T[p+1]— </\r[p+1} )\ Ip+1)? T—l,...,R.
Therefore, we have
R R R
(k u)
2 Cepl)® £ D o)’ <o S 3 AT
r=1 r=1 r—=1
Then according to the discussion in (ii) of Section 3, we also have
R R
\ (b=t 1) _ 2
Z r[p+1] Z r[p+1] r[p+1 S Z)‘r [p+1] r[p+1 = Z r[p+1 - Z()‘W’H}) :
r=1 r=1 r=1

Therefore, the sequence {Zr:1()‘r,[p]> } is increasing. Since Zr:1(/\n[p}) < |T)I%

for any p = 1,2, -- -, the following convergence result is ready.

Theorem 4.5.1. Let the sequence {A1 ), ..., Arp} be generated in Algorithm E)]
Then the objective value Zle()\n[p])Q converges.

4.5.2 Convergence of iterates

Before proving the global convergence of the iterates {uiﬁ[)p] }, we show that gener-
ically accumulation points of Algorithm [7] are geometrically isolated. Denote the

accumulation point generated by Algorithm [7] as
1 k 1 k
{ o uf), ) (4.14)

Then by equations (4.10) and (4.11]), any accumulation point of Algorithm [7| neces-

sarily satisfies the system of nonlinear equations, let 5, = (¢, + 1),

(

T®pg, <® =1 u’ @ ®z 042 u’ ) u Y = <T7 ®§:1 uy)> u”,

(=1,....k—p—1, r=1,....R,

i) 4
To, (@’ © @iy u?) = SE (1@ u’ o u o QL. u”)uf”,
l=k—p+1,....k, r=1,... R.
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This is exactly the same as the accumulation point of ALS method proposed in [190]
if 4 = 1. Furthermore, this system is the same as the one characterizing the first

order optimality condition for a stationary point of the optimization problem (|4.7))

(ie., (4.4)). As a result, the following result in [190] also holds for Algorithm [7

Lemma 4.5.1. [190] For almost all tensors T € RV >k the accumulation points

of any sequence generated by Algorithm|[7 and the stationary points of the optimiza-

tion problem (i.e., [4-4])) are necessarily isolated.

Assumption A. We say that a given tensor T' € R *Ir gatisfies Assumption A
if for every convergent subsequence {ug[)pj]} generated by Algorithm the dominant
singular value of the limiting point Y of the corresponding subsequence {Cﬁ?pﬂ}
aresimple forall ¢ = 1,...,k—pu, r =1,..., R. Moreover, the limiting point V(©A®)
of the matrix V[I()i)]A([]Q] for { =k —pu+1,... k are of full column rank.

Remark: It follows from Lemma a stronger assumption which is indepen-
dent of Algorithm [7]is as follows:

Assumption A. We say that a given tensor T' € R *Ix gatisfies Assumption A
if for every stationary points {ug)} of the optimization problem , the dominant
singular value of corresponding O are simple forall ¢ =1,....k—pu,r=1,...  R.
Moreover, the corresponding VIOA® for ¢ = k—pu+1,. ..,k are of full column rank.

Assumption A is to ensure the uniqueness of singular value decompositions and

polar decompositions in Algorithm . Since vectors u(g[)p} defined in Algorithm

ig[)p ]} must have a convergent subsequence. Select-

ing the common subset {r, [pj]} of nonnegative integers so that {uf«?pj]} converges

are unit vectors, the sequence {u

simultaneously for all ¢ =1,... k,r=1,..., R.

Lemma 4.5.2. Forall{ =1,... .k, r=1,..., R, if subsequences {u [)pj]} generated

by Algom'thmﬁ converge simultaneously, then subsequences {ug[)pﬁl]} also converge
simultaneously. Furthermore, under Assumption A, {ufqg[)p j]} and {uff[)pj +1]} con-

verge to the same limiting point for { =1,... )k, r=1,... R.
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Proof. The simultaneous convergence of {ug[)pj]} for/ =3,...k,r=1,...,R im-

plies that the subsequence {C’ﬁl[;j +1]} converges. By the continuity inherited in

the SVD, { ([L +1]} and {uf[)pj +1]} converge since we have aligned the direction

of dominate left and right singular vector in Algorithm This results in that

{Cﬁ?’[;j +1]} converges and so do {u%’j +1]} and {uﬁ)pj +1]}‘ Then the simultane-

ous convergence of {u%[; ]2])} R, {u%}j} }, and {ui’l[)z)j +1]} ey {uﬁe[; ;J)rl}} ensures

that {C’T([; +1]} converges and consequently {u(e[)p_ +1]} and {u(e[; _111]} converge for

(=1,3,....k—p—1r= , R. One thing should be mentioned that there are

additional convergent { qle-r) } if £ — p is odd. Furthermore, V AY

r[pj+1] [ +1] M p;+1] O

verges by definition and thus by continuity of the polar decomposition, {uiégpj +1}}

converges for { =k —p+1,...,k,r=1,...,R.

Let the limiting points of { ® } {u(é) } and {C’(Z)

0 =
e [p)) r,[p;+1] r,[pj+11} be w", ar

and Cr , respectively. In addition, use ufak "1 to denote the limiting point of
{ﬁﬁ;ﬁ:ﬁ } if K — uis odd. Now we prove that u') = @\ for ¢ = 1,... k,
r=1,...,R.

First we have forr =1,..., R,

—/a® 1) )
Arlps) = <un[pj}’ C rlp+1% T[pﬂ>

© ) O @O @ o @y O
< Ay = W oW ) = (W0 Gl i) = A
® G @ @y _® o Oy @
< A = (W O W) = (W G i) = Ay )
<
(£) . 0 0) (¢+1) o (£+2) (£+2) (£43)y _ \(+1) o
< A = (W O W) = (Wt Cop i) = Mgy (E=1,3,5
<
4
(k—p=5) _ ;.  (k—p—5) (k—p=5) (k—p—4)\ _ s (k—p—3) (k—p—=3)_ (k—p—2)
mopt] = W) Oy Wy ) = (W G By 1)
(k—p—4) . .
_ =\ oat1] if kK — p is even
- (k—p—4) _ ;. (k—p—4) (k—p—d)  (k=p=3)y _ s (k—p (k—p—2)  (k—p—1)
Yoy = i al ey = Y el )
 \(k—u-3) .
= )\n[pj‘i 1 if k — pis odd

)
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/

(k—p—3) (k—p—3) (b—p—3)  (b—p=2)y g, (k—p—1) (k—p—1)__(k—p)
rpirl = Unpytl > Cnppen) Wy 1 = (g s Gl W)
_ = )\f“k[p;jrl?) if k — p is even
- (k—p—2) _ ( (k—p—=2) (k—u—2)ﬁ(k—u—1)> _ <A(k—u—1) (k—u—l)u(k—u)>
r,[p;+1] r[p;+1] r[p;+1] T pi+1] r[pj+1] 7 r[pj+1] sl
R (k—p-1) . .
\ = r,[pj/jrl} if K — pis odd
< \k=p=1) ( (k—p—1) (k—p—=1)__(k—p) ) = (k—p)
—  7nlpj+1] rlpj+1] > rlpi+1] T+l rpi+1]
then we have by taking the limits that
A= (ult, CPu?)
< AW =@", ¢Pa?) = (?, CPu) = AP
< W =@, cPal) = (@, CPu) =AY
<
< :\7(?) _ <1~1T£)7 Nﬁﬂ)ﬁ££+1)> _ < (4+2) C(Z—I—Q) Z+3)> 5\ (¢+1) (€ _ 173’57 - )
< ..
.
:\7(]@—#—5) _ <1~17(nk—u—5) éﬁk—u—5)ﬁ£k—y—4)> _ <u£k—#—3) éﬁk—y—s)ugk—p—2)>
- = \Fmrd) if k — p is even
>~ 5\7("]67#74) _ <ﬁ£k7,u 4) C(k: n—=) (k n— 3)> _< 7(ﬂkfny) ngkiuimus‘kiuil»
= \=r=3) if k — p is odd
\
(
:\gk—u—3) _ <ﬁ£k—,u—3) Cﬂ?glc—u—S)ﬁqu:—u—Q)> _ <u$k:—p,—1) Cﬂ?gk—u—l)ugk—u)>
< = \Fmu2) if K — p is even
> 5\5‘]@7”72) _ <ﬁ£k n—2) C(k n—2) u(k*,ufl)> _ <ﬁ$‘k7,u,fl) C"}"gkf,ufl)ugkf,ub
= \=r=D) if k — 1 is odd

\

< j\gk’—u—l) — <ﬁ£k—u—1)’ éﬁk_”_l)ﬁ,(ﬂk_“»

Combined with discussion in (ii) of Section 4.3,

-

R

R
> Aep)? <D ) = W)
r=1

r=1 r=1

IA

R R

l /+1
< D) = ) (=135,

r=1 r=1

)
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<

_ S D = S D) ik — s even

T SR 0D = S A i k- s odd
R R R

< DG =y ’Ljiu Ny

R R

r=1
R
(k—p+1)y2 (k) 2 _ 2
< Z()\T,[Pﬁ-l] )<< ()\T,[ij]) - Z()\"’[pj“‘l]) :
r=1

So, it follows that

r=1 r=1

SR OFEI2 SR ETRTIN2 i s even

SR AEE o s RN e g s odd

R R R
< Z()\(kﬂhl))2 — Z(j\gkw)f < 25\7{ )\ (k—p+1)
r=1 r=1 r=1
R R R

R R
D= ()
r=1 r=1
Hence, we obtain for r =1 R,
A = AW = = \k=rD) Ai’“"”, if K — p is even
A = A == A 2 R0 Xk — s odd

(4.16)
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AB = @® COFWy = (u®, ¢y = @), (4.17)

N0 = (a0, CORE) = (i), COWE) XD (1=135,.)  (418)

5\7@6—#—3) _ <1~1$k—u—3)7 C(k p=3) ~ (k p— 2)> (u gk—u—3)7 Cwﬁk—u—3)u7§k—u—2)>
= A\t if k—pis everi,g)
5\7@?—#—2) _ <1~1g€—u—2)7 7§k B=2) (k‘ u—1)> _ <u7("k‘—u—2), éﬁk—u—Q)ugk—M—1)>
= \Fmn=3), if k — pis odd,
(
[ {-n-n) _ @l G gy (e Elhenet) Gy
= A=) if k—pis eszgm
/N\gk—u—l <ﬁ7]€—u—1)7 é«qﬁk—u—l)ﬁgk—u)> _ <ﬁ1(j€—u—1)7 C«T(k—u—l)ugk—u)> '
= J\me) if k — pis odd.
(
Since )\S[;j 1 )\S’&J o /\ﬁk[;j’:ﬁ) are the largest singular values of cW rpy 1)
C’ﬁi;j IRTHIRRS )\ﬁ;]’:l]l) respectively, thus, )\il), A£«3), ey Aﬁ’“‘“ Y are the largest sin-
gular values of C’,gl), Cr(3), ey OF=r=1) respectively.
Furthermore, under Assumption A, the left and right singular vectors of C’ﬁl),
.., 0% are unique. Therefore, we have for r = 1,..., R,

G0 = u®, 4® = u®, (by [@EI0)
60 = u®, a® = u®, (by @)

60 = u®, G = o ((=1,3,5,...) (by (15))

N ..

alf ) = g g o gD e | — s even,

(by (4.19))
alf 7 = g gk gD e ke s odd,

9 T - T ?

alf D = e gk — @i |k — s even,

(by (£.20))

alf D = g g = G i — s odd,
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that is ul” = @l hold for ¢ = 1,....k—p,r=1,..., R. Finally, since

VO = lim v

_1; 0 _ /0 A0 _ 75 0 0 _ A@
1] = hmV[pj] =V¥ AY =limA | = hmA[pﬂ =AY,

[pj+1

we have with Assumption A that
) _ 1 0 0 _ 770 — L _
00 =lmU), | =timU, =09, Ve=k—p+1,.. K
O

Now we are ready to prove the convergence of the whole sequence {uy[)p ]} for

(=1,....k,r=1,...,R.

Theorem 4.5.2. For almost all tensors T satisfying Assumption A, the sequence

{u%,}} generated in Algom'thmﬁ converges for 0 =1,... .k, r=1,...,R.

Proof. Suppose that {uffﬁp j}} is any subsequence converging to a limiting point u?

)

ford{ =1,...,k,r=1,..., R. By Lemma , u' is isolated, and by Lemmam,
(0 (0

the subsequence {urv[pj +1]} also converges to u,’ and Hui?pj I i uff[)pj] ’ — 0 for
¢=1,...)k,r=1,...,R. It follows from Lemma that the whole sequence
{ug[)pjﬂ]} converges to u for ¢ = 1,....,k,r=1,...,R. n

4.6 Numerical experiments

In this section, we present numerical experiments to illustrate the convergence

of Algorithm [7] by measuring

e objective value 3% A2,

e iterate error 212:1 Zle ||u7(n£[)p+1} - ug[)p] 13-

We experiment with Random tensor, Stochastic tensor, Cauchy tensor, Hilbert

tensor, and Toeplitz tensor, with the same size R20*16x10x32 and 1y =2, R = 5:

e Random tensor [40]: randomly generate.
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c i1 # U2, s 7 13,13 7 U4
e Stochastic tensor [129]: i, ipisis = 3 0 i1 = dg, 19 # ig, 13 7 4 , Where ¢
1/20 otherwise
is randomly in (0, 1) by the homogenous distribution such as Zile[m]] Titvinsizria =

1 with Z] 7£ ij+1,j = 1,2,3.

1
c(i1)+c(i2)+c(i3)+c(i4

e Cauchy tensor [39]: Ty, iy.igis = 7, where ¢ s a random vector

with size 32.

e Hilbert tensor [165]: 7, = ;

i2,03,i4 G fiptiztis—3

o Toeplitz tensor [A1]: Tiitjistjistiisti = Tirinsisisa 10X J € [min(20 —iy,16 —

i, 10 —i3,32 — iy)].
The initial vectors are chosen by four different ways:

e 'Random Initial’—unit vectors ug) for/{=1,...,kand r=1,..., R are gener-

ated randomly to satisfy orthogonality constrain with p = 2.

e ’Identity Initial’-each [ugﬁ), e ,ug)] for ¢ = 1,...,k are taken as the first R

columns of identity matrices.

e 'Orthogonal Initial'-each [ugg), - ,ug)] for ¢ = 1,...,k are taken as the first

R columns of random orthonormal matrices.

e ’'Singular Value Initial’-the major left singular vectors of the unfoldings of the

tensors are used as initials.

The numerical results for the first 150 iterations are shown in Figure[.1}-Figure[4.5]
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objective value

Objective Value on Random Tensor Iterate Error on Random Tensor

00,

log(iterate error)

objective value

number of iteration ' number of iteration

Figure 4.1: Comparison on Random Tensor.

Objective Value on Stochastic Tensor Iterate Error on Stochastic Tensor

log(iterate error)

number of iteration number of iteration

Figure 4.2: Comparison on Stochastic Tensor.

Obijective Value on Cauchy Tensor Itertate Error on Cauchy Tensor

objective value

log(iterate error)

number of iteration number of iteration

Figure 4.3: Comparison on Cauchy Tensor.
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Obijective Value on Hilbert Tensor

10l —— Identity Initial

objective value

——Random Initial

Orthogonal Initial
Singular Value Initial

number of iteration

log(iterate error)

Iterate Error on Hilbert Tensor

——Random Initial
——Identity Initial

rthogonal Initial
——singular Value Initial| -

7

number of iteration

Figure 4.4: Comparison on Hilbert Tensor.

Objective Value on Toeplitz Tensor

objective value

——Random Initial

——Identity Initial
Orthogonal Initial

——singular Value Initial

number of iteration

log(iterate error)

Iterate Error on Toeplitz Tensor

Random initial

——identity Initial
Orthogonal Initial

——sSingular Value Initial

o 100
number of iteration

Figure 4.5: Comparison on Toeplitz Tensor.

Figure [£.1}-Figure [£.5) lead to the following observations:

e Objective value satisfies the monotone increasing property for each iteration

as proved in the previous section;

e For different initial vectors, the approximated objective values may be different

for the same test tensor, that is, iterates may converge to different limit points.

Hence, the computed result is only optimal in a local neighborhood for each

initial vector. As addressed in [40], it is interesting to study for what tensors

or what initial guesses Algorithm [7] converges to the global optimum.
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e [terates converge, but they are not monotone in each step. Note that iterate
errors increase suddenly, for example, at step 61 with ”Orthogonal Initial” on
Stochastic tensor, step 25 with ”Orthogonal Initial” and step 66 with ”Singular
Value Initial” on Toeplitz tensor. The reason might be that the largest singular
value of C’f’?p] involved in Algorithm |7] is not simple at that certain iteration

steps.

e [terates converge but slower than that of objective values. Thus, it is important

to study strategies to speed-up the convergence of iterates.

e When it comes to the qualities of the final approximation, among 4 different
initial vectors, none does offer obvious advantage. It is challenging to study
for what initial guesses Algorithm [7] converges faster in terms of both objective

values and iterate errors.



Chapter

General Convergence of ADM

5.1 Introduction
Many algorithms can be cast in the abstract form

Xk+1 = f(Yk)7
k=0,1,..., (5.1)

Yer1 = 9(Xky1),
where f: U — V and g : V' — U, referred to henceforth as the generating functions,
are maps representing some black-box evaluations or some intermediate numerical
procedures. The variables x and y can be vectors, matrices, or even functions. The
choice of U,V depends on the desired properties of the variables x and y, which can
be, for instance, nonnegative, orthogonal, or stochastic. In this chpater, we focus
only on finite dimensional variables, so the feasible sets U,V are subsets in some
Euclidean spaces with suitable dimensions and constraints. We shall give several
interesting but nontrivial examples in the later part of this discussion to demonstrate

this point. For more complicated problems involving n variables x(M, ... x(™ a

83
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similar alternating iteration can be written in this form

(

1 2) (3 n

) = PG R )
2 1 3 n

I R I (5.2)
n n 1 2 n—1

Xl(c-i-)l = f )(Xl(c—t)-hxl(c—l)-ﬂ .- >Xl(c+1 ))a

(
Perhaps the simplest algorithm in the form of is the Gauss-Seidel iterative
scheme used for solving a linear system where all maps f) are linear and x( are
scalars. Another example is the alternating least squares (ALS) method used for low
rank tensor approximations of a given order-n tensor [52,139,(179//189,/197], where all
variables are expected to be of unit length. We shall concentrate on the analysis for
in this chapter. The generalization to can be accomplished in a similar
way.

Obviously, the sequence {y} generated by can be obtained from the fixed-

point iteration
Yier = 9(f(yr)), k=0,1,.... (5.3)

If the composite F' := go f, referred to henceforth as the transition function (of one
sweep for yy), is a contraction map, then the Banach fixed-point theorem asserts
that the iterates from converge to a unique fixed point. This is the most
impeccable conclusion, but often proving that go f is a contraction map is difficult or
impossible. Likewise, if go f is continuous and maps a convex compact set into itself,
then the Brouwer fixed-point theorem asserts that there is a fixed-point y* such that
go f(y*) = y*. In general, however, not much is known about the limiting behavior
of the sequence {y} itself. For many of the algorithms discussed in the literature
and even used in practice, we find that lacking a rigorous convergence analysis for

the iterates {x;} and {y;} themselves is a serious and widespread shortfall [21,/139].
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5.1.1 Summary

The main contribution of this chapter is a general framework for characteriz-
ing the limiting behavior of under much easy-to-check criteria. We apply
the framework to a variety of alternating direction methods and, in particular, the
alternating least squares algorithms to demonstrate how the theory facilitates con-

vergence analysis, some of which are difficult to come by otherwise.

5.1.2 OQOutline of the chapter

This chapter is organized as follows. In Section we build our framework
by progressively adding in conditions. The theory works in its most basic form,
but more conditions make it easier to draw conclusions. As a demonstration, we
apply the theory in Section to a variety of classical results in the literature. In
this context, the proof of convergence is not new, but it shows the versatility of
our framework. In Section [5.4] we use our theory to argue the convergence of algo-
rithms for the Tucker nearest problem and the structured Kronecker approximation

problem.

5.2 Basic theory

We begin our theory with the most basic form, namely, checking the difference
between every convergent subsequence and its immediate next iterate. The detailed

prove of following lemma can be found in Lemma [2.2.6

Lemma 5.2.1. Assume that a* is an isolated accumulation point of a sequence
{ar} such that for every subsequence {ax;} converging to a*, there is an infinite
subsequence {ay; } such that |ay, y1 — ag, | — 0. Then the whole sequence {ay}

converges to a*.

To apply Lemma to algorithms such as (5.1), we follow the steps that
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a. Check to see that an accumulation point of a convergent subsequence {ag,} is

isolated. (See the remarks following Corollary and Lemma [5.2.2])

b. Search for a subsequence {a’%} such that after applying the transition map,

say F', the difference |F'(ax, ) — ay, | diminishes to zero.
D4 D4

For specific applications, see our recent work on the convergence of the ALS al-
gorithm and the SVD-based algorithm for the best rank-1 tensor approximations
in [79}/189].

By imposing the continuity on the generating function and the finiteness on
isolated accumulation points, the following lemma asserts a specific limiting behavior

of the resulting iterates.

Theorem 5.2.1. Let F : U — U be a continuous map over a closed subset U C R™.
Suppose that the sequence {zy} generated by iterative scheme zp1 = F(zy) is well

defined, bounded, and has finitely many isolated accumulation points. Then
1. Either the sequence {zx} converges, or

2. There are disjoint neighborhoods of the accumulation points such that, for k
large enough, the consecutive elements zy, Zy11, ... visit each neighborhood in

a cyclic order.

Proof. Let {zk} denote an arbitrary convergent subsequence of {z;}. By continuity,
the subsequence {zkiﬂ} also converges. Repeating this process, we denote the

limiting behavior when ¢ — oo as

Zy, — Z;
Zp1 — 2z = F(z)) (5.4)
Zose — 25— F(z])

The sequence {z§,z}, ...} is part of the accumulation points of {z;} and thus must

be finite. Let s > 0 be the smallest integers such that zg, , = z; for some positive
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*

integer p. Then by continuity, we have zg, .4

= 7z;,,, and so on. In this way,
elements in {zg,...z%, , |} are distinct and are the only accumulation points in the
process of .

As these points are isolated, there exists € > 0 such that the spheres N€<Z2)
centered at z; with radius ¢, ¢ =0,1,...,s+p—1, are disjoint from each other. For
each fixed integer ¢, all but finitely many points from this sequence {z,;+} belong
to Ne(z;) with

t, if0<t<s,

q:=
s+ ((t —s) mod p), ifs<t.

On the other hand, for a fixed z;, with sufficiently large ¢, write z;, = z, 1, with
tj:=kj—k; for all j > i. Since zy, € N(zj) when j is sufficiently large, we conclude
that the two conditions
s = 0,
(5.5)
(kj —k;) modp = 0, for all sufficiently large ¢, j
must hold simultaneously.

Suppose {z@j} is an arbitrary convergent subsequence of {z}. For each ¢;, let k;,
be one of the indices {k;} that is smaller than ¢;. Then Z0; = Bk (4 ki,) and hence
all but finitely many elements in {z,, } must belong to one of these balls N(z;). In
this way, we have proved that all convergent subsequences of {z} satisfy .

If p =1, then g = 0, the sequence {z;} converges to z§. If p > 1, then {z,} does
not converge, but its elements for sufficiently large £ must be distributed in such a

way as residing alternately among N(z;) in the order ¢ =0,...,p — 1. ]

It is informative to remark further on the three conditions required by Theo-

rem [5.2.1] as follows:

a. The sequence {z;} being bounded. This usually poses no additional burden

because it is the prerequisite for convergence.
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b. The generating function F being continuous. If F' is given in analytic form,
then its continuity can easily be checked. However, if F'is given as a computa-
tional procedure, then cautions should be taken to ensure the continuity. For
example, if F(Y') refers to the orthogonal matrix U(Y") in the singular value
decomposition of the matrix Y = ULV ", then in theory U can be made to
be continuously dependent on Y [29,/192]. But if U is obtained by a certain
SVD algorithm, then the signs of columns of U(Y;) may differ from those of
U(Y3) even if Y3 is close to Y7, leading to discontinuous jumps in the numerical

outcomes. An easy fix in the procedure is due.

c. The accumulation points being finite and geometrically isolated. This is the
most demanding task. Even so, there are multiple avenues to tackle this task.
For example, in many algorithm formulations the model is actually a
polynomial system in the variables x and y. The notion of algebraic geometry
might be used as a tool for arguing the finite cardinality and isolation of

solutions.

The following lemma from the theory of parameter continuation [164, Theo-

rem 7.1.1] is often useful for checking the last condition above.

Lemma 5.2.2. Let P(z;q) be a system of n polynomials in variables z € C" and
parameters q € C™. Let N'(q) denote the number of geometrically isolated solutions

to P(z;q) = 0 over the algebraically closed complex space. Then,

1. N(q) is finite, and it is the same, say N, for almost all q € C™;
2. For allq € C™, N(q) < N;

3. The subset of C™ where N'(q) = N is a Zariski open set. That is, the excep-
tional subset of q € C™ where N'(q) < N is an affine algebraic set contained

within an algebraic set of codimension one.

Since R™ (indeed, the closure of any infinite subset) is Zariski dense in C", the

above statements hold for almost all parameters q € R™, except that the number of
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real-valued isolated solutions varies as a function of q and is no longer a constant.
For our applications, we only need the fact that the real roots of a polynomial system
are finite and geometrically isolated for generic q.

The argument in Theorem can be generalized to multi-level iterative schemes
such as . Suppose that both functions f and g are continuous and that the
sequences {x;} and {y;} generated are bounded and have finitely many isolated ac-
cumulation points, respectively. Then any convergent subsequence {yk} will lead

to a process

Ye, — Yo
Xp+1 — X; = f(y5)
Ye+1 — ¥ =g(x]) (5.6)
Xp+2 — X3 = f(y])

From this point on, an argument can be made to draw the same conclusion as in
Theorem for both {x;} and {yx} simultaneously. In this way, we may also
interpret Theorem as if F' = go f applied to y for (5.1) and similarly for the
general scheme .

An obvious condition for convergence is the exclusion of any possible cyclic be-
havior. This often can be accomplished if we know additional information such as

some monotonicity associated with the iteration.

Corollary 5.2.1. Suppose that the iteration represents an alternating opti-
mization mechanism for an objective function h(x, ... x™). Under the same
conditions of Theorem [5.2.1) where F' denotes the transition function representing
one complete sweep of the alternating procedure, the objective function h assumes

the same value at all accumulation points.

Proof. By Theorem [5.2.1} we only need to consider the case when the sequence {zy}
has cyclic behavior. Without loss of generality, it suffices to consider the scheme
(5.1)) which involves only two variables z = (x(),x(?)). To fix the idea, we assume

that the alternating optimization is doing minimization. By the way the sequence
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{(X](Cl), X,(f))} is generated, we should have the relationship

1 2 1 2 1 2
hx) %) < hix L xP) < h(x, %),

Abbreviate (x,il), ng)) to zj. The sequence {h(z;)} is monotone and must converge.
If there are more than one isolated accumulation points, let zj and z] denote any
two such points. The iterates {z;} must visit arbitrarily diminishing vicinity of
each accumulation point infinitely many times. Suppose h(zj) < h(z}). Then
there exists a neighborhood N.(z}) of z such that the iterates cannot possibly
"return” to revisit the higher level z] again once it has visited N.(z§) because of
the non-ascending property mentioned earlier. Similarly, it cannot happen that
h(zy) > h(z}). Therefore, the objective function must assume the same value at all

accumulation points. O

Motivated by Corollary[5.2.1], we now impose some mild conditions of smoothness
on the part of the optimization mechanism. The following observation is handy for

applications.

Theorem 5.2.2. Suppose that an alternating optimization method can be cast in
form of . Write z = (xV, ..., x™) where x) € U® and UY C R, Assume
that

1. The conditions in Theorem are satisfied where F(z) denotes the transition

function of one complete sweep of the alternating optimization, zx.1 = F(zy).

2. Fach generating function f©) represents the optimization mechanism in the

(-th direction, is continuously differentiable, and returns the unique globaﬂ

(0

minimizer X, of the restricted objective function

. 1 /—1 /+1 n
he(w) = h(X](c_?_l,...,X,(ﬂ_H),W,X]E; ), . ,X,E/, )).

"'What is really needed in the proof is the continuous differentiability of the transition function

F. The uniqueness is to ascertain that f(©) unambiguously defines x,(fll. So long as this map f*)

is well defined, the requirement of being a global minimizer is not essential.
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3. The objective function h(z) is second order continuously differentiable.

4. One of the accumulation points z§ of {zy} is a local minimizer of h(z) at which

the Hessian V*h(z}) is symmetric and positive definite.
Then the sequence {zy} converges.

Proof. Let {zki} be an arbitrary convergent subsequence with limit point z;. We
claim that the spectral radius p(F”(z)) is strictly less than 1. If this claim is true,
then there exists a neighborhood N,(z§) in which F' is a contraction. That is, for any
convergent subsequence {zy, } C N(zg), the subsequence {F(zy,)} is also contained
in N(zg). Since {zy; 11} must also converge by the continuity of F', it converges to
zj. By Lemma[5.2.1] we know the sequence {z;} converges.

It only remains to prove that p(F"(z})) < 1. It suffices to consider the case ([5.1))
only. The proof can be extended to the general case . The following argument
is modified from the ideas in [22, Lemma 2]. Define H : UV x U®) x UM x U? —
UL x U3 by

aatr (xV, y )

H(x®, x2; y 0, y®) = , (57)

82@) (X(l), X(Q))

where the right hand side denotes the partial gradient of H with respect to the

variables (x(), x®), but evaluated at different points. Define also G : UV x U® —
UM x U@ by
Gy, y®) == HF (W, y?);y, y?). (5.8)

Given any (y,(€ ), yl(C )) near z;, observe that

8?1) (y](c-',zl yi(CZ))

2 1 oy 7

G v = Hydh vy v = oo | T
6y 2) (yk-‘rl’ yk+1)

because y&)l and y,ii)l are the respective global minimizers of the restrictive objec-

tive functions h; and hy. We see that G = 0 in a neighborhood N,(z}). From (5.8)),

the evaluation of the Jacobian of G at zj yields

OH oF oH

<8(X(1),X(2)) A(ym,y@) + )| =0, (5.9)

AyW,y@)7|,.
Zo
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where by (5.7) we have

0H B 8)(;9(1)(82?1)) 0
3(X(1)7x(2)) B ) oh B oh ’
L ox(D (ax(2)) ox(2) (8x(2))
OH 0 55 (32%)
0 v@)
d(yW,y?) 0 0

Note that the above two matrices make up

OH OH
O ) Ay W,y

which is assumed to be symmetric and positive definite. It follows from (5.9)) that

OH ., O0H
e x|, (o yo)

is well defined. Furthermore, we see in (5.10)) that F”(z;) is of the form —(D—L)~'U

VZh(zg) = (

)
X
Zg

Fl(z) = ) (5.10)

X
Zo

which is precisely the iteration matrix if the (block) Gauss-Seidel scheme is applied to
solving a linear equation where the coefficient matrix A is split as A = D—L—U [150],
Theorem 7.1.9]. Since the Gauss-Seidel method converges when A is symmetric and

positive definite, we know that p(F’(zg)) < 1. O

Alternating optimization, or more generally alternating direction, is not usually
the best approach for solving the underlying problem. However, swapping one com-
plicated problem of many variables with a sequence of simpler problems each of
which handles and adjusts one subset of variables a time can sometimes be imple-
mented more easily and offer computational convenience. The above theory outlines
a basic convergence analysis framework for these types of alternating direction it-
erations. In the remaining portion of this chapter, we discuss some interesting

applications. Some of the convergence results are new.

5.3 Applications to some known cases

The convergence behavior of examples in this section is well understood in the

literature. Certainly we are not trying to reinvent the wheels. Rather, we use these
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Figure 5.1: Converging, cyclic, and diverging behavior of Gauss-Seidel iterations in RZ.

known facts to demonstrate the subtleties in dealing with convergence when some of
the conditions mentioned in the preceding section are not met. On the other hand,
we also demonstrate that our framework offers an alternative and unified proof of

convergence which is much simpler than some of those already done in the literature.

5.3.1 The Gauss-Seidel method for solving a system of lin-

ear equations

The classical Gauss-Seidel iteration scheme is of the form (5.2)). It is well known
that the method applied to the linear system Ax = b with non-zero elements on
the diagonals does not always produce a convergent result. Convergence is guaran-
teed only in a few cases such as the matrix A being diagonally dominant or being
symmetric and positive definite. In the event that the Gauss-Seidel method fails
to converge for a given A, what has happened is that either the iterates become
unbounded or the iterates go cyclically, as has been characterized in Theorem [5.2.1]
The directions of variables are alternated by satisfying one linear equation a time.
See Figure for a graphical interpretation of the Gauss-Seidel method applied to a
2-dimensional problem. The scheme itself does not contain any type of optimization

in its iteration.
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5.3.2 The power method for finding the dominant eigenvec-

tor

Given a matrix A € R"*" and an initial unit vector yo € R", the power method

Xpr1 = Ayr, (5 11)
Xk+1 '
Yi+1 [

is in the form of (5.1)). The sequences {x;} and {y;} are clearly bounded. The
functions f, ¢ = 1,2, on the right side of are clearly continuous. Exclud-
ing the extraneous zero solution after scaling the second equation by a multiplier
||Xk+1]|00, the entire system can be regarded as a polynomial system depending on
the parameter A. By Lemma [5.2.2] we know that for almost all matrices A € R™*",
the stationary points are finite and isolated. By Theorem we conclude that
the iterates generated by the power method converge for a generic A. In numeri-
cal linear algebra, we know even more specifics when the method fails to converge,
e.g., when A has multiple dominant eigenvalues, in which case the matrix A has
a multi-dimensional eigenspace and the system has non-isolated stationary
points. See also Section for more detailed discussion from the perspective of

the high-order power method.

5.3.3 The alternating least squares method for computing
the QR decomposition
There are efficient algorithms for computing the fundamentally important QR

decomposition of a given matrix A € R™*". Surely it is of little value to try to find

this decomposition by the alternating least squares approach

Ry = arg min |A — QrR|| F,
R = upper triangular (5.12)
Qry1 = argmin||A — QR F.

QTQ:In
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Despite its inefficiency, however, the scheme is theoretically doable. Indeed, it
can be argued that Ry, is the upper triangular part of the matrix Q) A and Q. is
exactly the orthogonal portion in the polar decomposition of AR/,Lrl (which is more
expensive than the QR decomposition itself). By construction, the objective values
|A — QrRy||r descend and converge, but possibly to a nonzero value. Clearly, the
sequences {Qx} and { Ry} are bounded and the abstract functions defining them are

continuous. The stationary points must satisfy the optimality conditions
R = triu(QTA),
QTART = RATQ,

which is a linear polynomial system in () with A as the parameter and, by Lemma/|5.2.2
has finitely many isolated solutions for generic A € R™*". The conditions in Theo-
rem are satisfied, so the iterates {Qx} and {Ry} do converge, even though not

necessarily they converge to the QR decomposition of A.

5.3.4 The alternating projection method for finding struc-

tured low rank matrices

Let R(r) denote the set of all rank r matrices and €2 the set of matrices with
a prescribed structure, say, Toeplitz or Hankel matrices. Then the desired set of
structured rank r matrices can be regarded as the intersection of these two sets.
To find a structured low rank matrix, if exist, the idea of alternating projections
between these two sets can be employed [31,45,46]. The process is to satisfy the rank
constraint and the structural constraint alternately while the distance in between
is being reduced. The geometry of lift and project is depicted in Figure 5.2 The
procedures outlined in Algorithm |8 obviously fits the basic model where both
actions of lifting and the projection are continuous. Since R(r) is not convex, the
iteration might stagnate back and forth between R(r) and €. In that case, an
intersection has not been found, but still the iterates converge to a locally nearest

location between the two geometric entities by our theory.
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Figure 5.2: Alternating projections between lower rank matrices and structured matrices

Algorithm 8 (Lift-and-project algorithm.)

Input: Given an arbitrary A® = A € Q
Output: A pair of matrices that locally minimizes the distance between R(r) and

Q
1: repeat

2. lift: Compute the rank r matrix B®) in R(r) that is nearest to A®).
3. project: Compute the projection A¥+Y of B™) onto the subspace €.

4: until the sequence {A®} meets stopping criteria

5.3.5 Best rank-one tensor approximation

We discuss the rank-one approximation first. The Tucker nearest problem will
be discussed in Section B.4.1]

The most popular approach for the best rank-one approximation is the notion
of alternating least squares method. The procedures are described in Algorithm [9]
where the subscript -, indicates the quantities resulting from the p-th iteration, a®

means to exclude this vector from the list, and
T® S = [(1.,,,S) €R", v, =1,...1I, (5.13)

with 7.,,. denoting the v,-th “slice” of the tensor T' in the (-th direction and (-, )
the Frobenius inner product generalized to multi-dimensional arrays.

While the limiting behavior of the objective values {)\Eﬁ]) } is easy to understand,
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Algorithm 9 (High-order power method.)

Input: A generic order-k tensor 7' and k unit vectors ufo]) eRI .. f(;) € RIx,

Output: A local best rank-1 approximation to T’
1: forp=20,1,---, do

2. for/=1,2,---  kdo

) S e ( 1) o 13(e (e+1) (k)
0 @
4 Apa1] = Hu[p+1] 2
4
5. (6) . fpz-l]
: Wty - /\(/—'>

+1]
6: end for

7. end for

it has taken tremendous effort to prove the convergence of the iterates {ug}) } them-
selves [179,(189]. We now apply our theory to Algorithm |§] to demonstrate how the
convergence can be argued in a quick and convenient way.

(0)

First, the definition of u,l in Line 3 followed by Line 5 gives rise to precisely

the unique global maximizer of the function

(0) (1) (e=1) (£+1) (k)
Apry (W) = (T, @ OU) j OWRU .. Ouy)
which is the restriction of the objective function
Aa®, o u®)) = (T uVe. . .ou®) (5.14)

to the /-th direction subject to the constraint of unit length. As a polynomial in
variables u™, ..., u® the smoothness of A and the associated )\gll] is guaranteed.
The first order optimality condition for a stationary point of is to satisfy the
system of 25:1 I, polynomials [130,[189]

Te, WWe.. 0. .ou?) = (T uVe...euhu®, =1k (515

which, by Lemma [5.2.2] contains only geometrically isolated solutions for a generic
tensor T'. Conditions in Theorem are satisfied generically. It is easy to see that

the sequence {)\( u[(z’f]))} is monotone non-decreasing. Assuming the generic

p]""’
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condition that the Hessian of A\ at such a local maximizer is negative definite, then

the convergence of the iterates {(u([;}), . ,ugf]))} is ensured by Theorem [5.2.2

5.4 Applications to some new problems

In this section, we apply our theory to two important yet challenging problems in
the field — the Tucker nearest problem and the structured Kronecker approximation
problem. While numerical algorithms have been proposed and used in practice, we
find little discussion of convergence analysis in the literature. This is probably due
to the fact that the algorithms usually involve complex algebraic manipulations.
Nonetheless, our framework requires fairly mild conditions on these manipulations.
We can explain the convergence.

For the ease of later reference, we restate the notion of orthogonality and polar
decomposition defined in Lemma [4.3.1] which will appear in both problems. Let
< (p,q) denote the Stiefel manifold of matrices in RP*¢ with orthonormal columns
and |, the identity matrix in R?*9. The following lemma is essentially the well known
polar decomposition [89,90,102], yet its view as the normal bundle of an element @

on . (p, q) is useful for the subsequent discussion [47].

Lemma 5.4.1. Given a matriz Q € (p,q), then a matriz Z € RP*Y whose orthog-

onal projection to . (p,q) is precisely Q if and only if QT Z is symmetric.

Proof. Let @, denote the matrix in . (p, p—q) so that the augmented matrix [Q, Q| |
is orthogonal. It is easy to see that the tangent space 7.7 (p,q) at Q € .7 (p,q) is

made of matrices in the form
H=QK+Q.QW,

where K € R?7%? is skew-symmetric and W € RP*9 is arbitrary. For the vector Z — Q)

to be perpendicular to the surface .(p, q), it must be such that

Q(Z-Q) -(Z2-Q'Q

. +QLQIZ - Q) =0. (516)

Projg, s(pq(Z — Q) =Q
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Note that the two terms in the middle equation of (5.16) are mutually orthogonal.
Therefore, each term must be zero by itself. Upon simplification, we see that Z — @)

is perpendicular to .(p, q) if and only if

Q'Z = Z7q,
(5.17)
Q7 = o
Given @, 1' is a homogeneous linear system of pg — w independent equations
in pg unknowns of Z. So the solutions form a subspace of dimension @. Indeed,

if we write the columns of Z € RP*? in terms of the orthonormal basis
Z = QS + QLTa

where S € R and T € RP=9%9 then Z is a solution to 1) if and only if
T=Q]Z=0and S=Q"Z is symmetric. O

In the above lemma, we look up from a given @) € .#(p, q) for its normal bundle

in RP*4. Now we look down from a given Z € RP*? for its projection onto .#(p, q).

Corollary 5.4.1. Giwen an arbitrary Z € RP*9, suppose that Z = UP is the polar
decomposition of Z where U € #(p,q) and P € R is symmetric and positive
semi-definite. Then U is the projection of Z onto % (p,q) and is the nearest matriz
in % (p,q) to Z.

In the polar decomposition, we stress that the symmetric matrix P = U'Z is

always unique, but U is unique only if Z is of full column rank.

5.4.1 Tucker nearest problem

Given the rank parameter r = (rq,...,ry), an order-k tensor in the form
r1 Tk .
A=Y B v e el e RhG D (5.18)

J1=1 Jrk=1
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with orthonormal vectors v\" € Rt is said to be in the Tucker format with core

Je
tensor

B = [Bjy...5.] € R, (5.19)

If we assemble the orthonormal vectors into factor matrices by denoting

VO .= VO] e R =1,k (5.20)

) Te

then V) € .#(I;,4) and the tensor A in (5.18) can be written as
A=8x1 VY x V& g x, VB, (5.21)

where x4 denotes the mode-d produc [114]. Given an order-k tensor T € RIx1k,
the Tucker nearest problem is to find a tenor in the Tucker form ([5.21)) with a fixed

rank parameter r such that
RB, VD, VE)Y = I8 x, VO xo VP sy, VO — 7| (5.22)

is minimized.
For an order-k tensor T € RIV*Ix let vec(T) denote the linear array where

of T is saved at the location

k s—1
i+ (-] (5.23)
s=2 t=1

of the array. Then it can be verified that (5.21)) is equivalent to [15, Formula (12)]

the entry 7, i,

vec(Ad) = (VW ... @ VW)vec(B), (5.24)

where ® stands for the Kronecker product. We make it clear that the notation
® defined between vectors is the outer product [91}|123] while ® stands for the

Kronecker product between matrices in this thesis. The expression above sheds an

2Given an order-k tensor T € RIXwXlax.XIk and a matrix M € R™*'e, the mode-d

product © = T x4 M is defined to be the tensor in RItX--*Ta—1xmxlap1X.. Xy with element

Iq
fil7~~»7id—17tvid+17~~-ik = Zs:l Mt,5Tiy,..ig—1,8,id4 1,k
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important insight — entries in vec(3) are the coordinates of vec(A) in terms of the

orthonormal columns of V¥ @ ... @ V1 ie.,
vec(B) = (VP @ ... @ VD) Tvec(A). (5.25)

Therefore, given fixed matrices V¥ € .#(I;,r,), £ = 1,...,k, the minimizer B in
1) is given by the projection of vec(7T') onto the column space of VF @...@ V1),

or equivalently,
Bi=Tx, VO x, VO 5, x, VBT g Rrxexn, (5.26)

In this way, the Tucker nearest problem is equivalent to the problem of maximizing

the Frobenius norm of the tensor
AV, VE) =T, VO s, @ s v ® T (5.27)

subject to the constraint that V) € .7 (I, 1), £ =1,... k.
The relationship (5.26)) can further be expressed in terms of the mode-d unfolding
[15, Formula (11)]

By =V! ?(d)(v(k> Q.. Vil eyile ovWl) d=1,..k (528

J/

T
where the mode-d unfolding T{g) is simply a rearrangement of 7" into a matrix of size

..... ik with j =1+ Z’::l,s;éd(is o

1) ::11 I;. Likewise, B, is an unfolding of size r4 x ], 2q7¢- Taking advantage of

I % H#d I, by assigning the element (T(4));,; = T

the form 1} by modifying one factor matrix V' a time via the singular value
decomposition, Algorithm (10| therefore has been proposed in the field as a way for

tackling the Tucker nearest problem. By construction, we also know that

< A®

<A
lp+1] (5.29)

(k
VA
= ||7T( [p+1]7 V[p+1])||Fv
so the convergence of scalars {A,} is clear. Thus far, however, we have not seen

any proof of convergence for the iterates {( [p] e V[](j))} in the literature. Using

our framework, we can establish the convergence as follows.
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Without loss of generality, consider the objective function to be maximized as

1 1 T T
VO, V) = (VO V) = SV T VO ) (5.30)

which, as indicated in (5.28)), has the same value % foralld =1,...,k. Clearly,

h is secondly order continuous differentiable. The definition of V[z(ﬁl} at Line 5 is the

unique global maximizer of the restricted function

1 -1 041 k
he(W) := §||7T(V[Z(721], L VED WV VI, (5.31)

subject to the constraint that W € . (1, ry), so Algorithm |[10|is an ALS algorithm.
To apply our framework, we need to check out two additional conditions. First,

the partial gradient of h with respect to a general V(% is given by

h
VOBV @) = %

At a stationary point, the projection of V@h(V(9) onto the tangent space of

=TTV, d=1,.. k. (5.32)

S (14,74) is zero, implying that
T YV = VOV Y YLV, d=1,.. k. (5.33)

In other words, the stationary points of the objective function are solu-
tions to a system of 22:1 1474 polynomials that is parameterized by 7. By
Lemma [5.2.2] we conclude that for almost all tensors, the accumulation points of
Algorithm [I0] are finite and geometrically isolated.

Second, each of the constraint V) € .#(I,,r,), £ = 1,...,k, is a compact set.
The local maximizer for h does exist. The Hessian of A in ([5.30)), which depends on
T, at its local maximizer is necessarily negative semi-definite. Furthermore, positive
definite matrices form an open set whose boundaries consist of positive semi-definite
matrices which resides on a submanifold of codimension 1. A small perturbation
can easily disrupt the semi-definiteness. We may therefore assume that for almost
all tensors, the Hessian of h at one of the stationary point is symmetric and positive
definite.

By now, all conditions in Theorem are satisfied. To our knowledge, the

following result is new.
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Algorithm 10 (HOSVD method for Tucker nearest problem.)

Input: A generic order-k tensor 7', a fixed rank parameter r, and k initial matrix

V[é? € RIe*"e with orthonormal columns,

Output: A local best Tucker approximation to T
1: forp=0,1,---,do

2. for¢=1,2,---,kdo

3 B, =ToVye. eviPeviVe. oVl {Of size
Iy x Hj 10 T}

4: U,S,"| = SVdS( +1]> r¢) {Compute the largest r, singular values and left
singular vectors. }

N A

6 Ay = ISl

7. end for

8: end for

Theorem 5.4.1. For almost all order-k tensor T, the iterates {(V[]()]l), . V[](J? )}

generated by Algorithm[1(] converge to a local solution of the Tucker nearest problem.

5.4.2 Structured Kronecker approximation

Given A € R™"™ with m = myms and n = nyny and a small enough but
fixed integer r, the Kronecker approximation problem concerns finding matrices

B; € R™M>*™ and C; € R™2*"2 guch that the objective function

$a(Bi,...,B,,C1,....C;) = A=) B &G, (5.34)

i=1
is minimized [146]. The problem is equivalent to a rank-r approximation problem
[131]

A — ZB ® Cillr = | 2(A Zvec yvee(C) T ||r. (5.35)

=1
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where Z(A) € R™M™M>m2m2 ig g rearrangement of A as

vec(Apq)"

VeC(AZl)T

vec(Apyn, )"

if A is partitioned as a m; X n; block matrix with blocks A;; € R™2*"2,

All A12
A _ A21 A22
Am1,1 Am1,2

Am1,n1

The Kronecker approximation problem ((5.34)) therefore can be solved effectively by

using the truncated singular value decomposition.

It is important to note that the Kronecker product often inherits structures from

its factors. For example, the following properties are listed in [180].

If B and C are

(

\

nonsingular

lower(upper) triangular

banded
symmetric
positive definite
stochastic
Toeplitz
permutations

orthogonal

\

V

,then B® C'is

’

\

nonsingular
lower(upper) triangular
banded

symmetric

positive definite
stochastic

Toeplitz

permutations

orthogonal

Also, with respect to factorizations, the LU-with-partial-pivoting, Cholesky, and QR

factorizations of B ® C merely require the corresponding factorizations of B and C'.

An interesting question about the converse then arises, which we refer to as the

structured Kronecker approximation problem. Let Qg C R™*™ and ) C R™2*"2
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denote the subsets of desired structures of factors, respectively. How should the
approximation be accomplished if it is expected that B; € Qp and C; € (¢,
even if the given A is not structured?

In what follows, we consider only the case r = 1. Generalizations to general r
is possible but with tedious manipulations. See, for example, the work in [100] for
the block Toeplitz structure. Once the procedure such that the generating function
is specified, we think that it is possible that our framework is still applicable.

For the case r = 1, the following result naturally defines an alternating procedure.
In [181, Theorem 4.1], the result can be interpreted as the power method applied
to Z(A) for finding the left and right singular vectors associated with its largest

singular value.
Lemma 5.4.2. Let A € R™*"™ with m = mymsy and n = niny be given.

1. Suppose C' € R"™*"2 45 fixed, then the matriz B € R™>™ defined by

Ai‘ac . .
bij = %, 1<i<my, 1<j<ny, (5.36)

minimizes ||A — B ® C||p.

2. Suppose B € R™>*™ 4s fized, then the matrix C' € R™*™ defined by

Ai'a . .
Cij = ﬁ, 1<i<my, 1<7j<ny, (5.37)

where Zij =A(i :mg:m,j:ng:n) € R™*™M minimizes |A— B®C||p.

The above lemma can then be exploited to answer a few structured approxima-
tion problems, provided that A is similarly structured. We mention, for example,

the cases that

nonnegative

If A and B are ¢ symmetric 5

positive definite
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Algorithm 11 (ALS method for structured Kronecker approximation.)

Input: A generic matrix A € R"™™2X™"2 two specific structures 25 and (¢, an
initial matrix Cy € Q¢,

Output: A local best structured Kronecker approximation to A.
1: for k=0,1,---, do

2: By =argmin ||[A — B® Cyl|r

BeQp

33 Cpyr =argmin||A — By @ C|r
CeQe

4: end for

nonnegative

then the minimizer C' of ||[A — B® C||pis { symmetric

positive definite

For other structures, including the case that the given A does not have any structure
at all, the formulas in Lemma[5.4.2|does not preserve the structures in general. Some
other numerical procedures are needed.

The prototypical ALS procedure proposed in Algorithm is a plausible pro-
cedure to tackle the structured Kronecker approximation problem, provided the
structured least squares subproblems at Lines 2 and 3 can be resolved. Even so,
the nonlinear nature of the Kronecker product would make a formal proof of con-
vergence of the iterates for the general case challenging. Our contribution is that, if
the procedures can be checked to satisfy the conditions demanded in Theorem [5.2.2]
then our framework kicks in and the method will converge.

To demonstrate our point, we concentrate on two special structures — orthog-
onal factors and stochastic factors — in the subsequent discussion. We propose
algorithmic details for computing the structured least squares solutions and carry
out the crucial task of checking that the conditions in Theorem are met. At
the end, we are able to draw the conclusion of convergence.

Orthogonal factors. To fix the idea, we restate our problem: Given A €

RmMim2xmnz where my > ny and mg > ng, find Q1 € ¥ (my,ny) and Q2 € ' (ma, n2)
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so that the objective function

9(@1,Q2) 1= 514 - Q0 Qul}2 (53%)

is minimized. We shall consider the constraint as the manifold .7 (my, ny) x.% (ma, ny)
with the product topology.

To find the critical point for the constrained optimization of , we compute
the projected gradient of g(Q, Q2). We begin with the action of the Fréchet deriva-
tive of g(Q1, @2) at a general point (Hy, Hy) € R™*™ x R™2*"2 Under the product
topology, we may consider the partial derivatives separately. Thus, the action of the

partial derivative of g with respect to Q; on H; is given by

%.Hl = <_Hl ® QQ?A - Ql ® Q2>
= —(vec(H), Z(A— Q1 ® Q2)vec(Q2))

= —(Hi, D®(mny ) Q2 — n2Q1),

where the block matrix A is considered as an order-4 tensor of € R™1*"m1xm2xn2 gnd,

similar to the operation (5.13]),
A ® (my ny) Qo = [(Aij, Q2)] € R™X™

Similarly,

dg
——.Hy = —(Hy, I®(nyn, —-n
20, 2 (Hy (mamg) @1 — M1 Q2)

with

S (mans) Q1= [VT@',QD] € R,

By the Riesz representation theorem, the partial gradients of ¢g(Q1,Q2) can be in-

terpreted as

% = n2Q1 - %®(m1,n1) QQa (5 39)

8%]2 = Q2 — F®(myny) Q1
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We now project the partial gradients onto the tangent spaces of the respective

Stiefel spaces. Applying ([5.16) to both partial gradients, we obtain

p
. dg
PI'OJ 9Q1y(m1,n1) 8Q1

G (my ) R2) T Q1L=Q] (8 (1) 1))@
Q Lmn) @) Q@ (B 0)@2) () 0, QT ) A®(my mr) Qo

. ag
PI‘OJ 9Q2(7(m2,n2) 8Q2
(F) (g np) Q1) Q2=Q3 (8 (my ny) Q1)
_ QQ (mg,ng) 1l 22 2 (mg,ng)l _<|m2_Q2Q;>d®(m2,n2) Ql-

\
We now are ready to characterize the first order optimality condition for the orthog-

onal Kronecker approximation problem (5.3§]).

Lemma 5.4.3. For (Q1,Q2) to be a critical point for (5.38), it must be such that
1. @ 1is the orthogonal portion in the polar decomposition of @, n,) Q2, and
2. Q3 1is the orthogonal portion in the polar decomposition of T ® (m, n,) Q1

simultaneously.

Proof. The first order optimality condition is that the projected gradients should be
zero. The conclusion follows from the argument used in proving Corollary p.4.1, O

Based on this characterization, we are now able to define the two steps at Lines 2
and 3 in Algorithm (11| more specifically as in Algorithm (12| for the orthogonal Kro-
necker approximation. Furthermore, using our framework, we are able to argue for

the convergence of the algorithm under the following assumptions.
Theorem 5.4.2. Assume that

1. The given matriz A is such that the Hessian of the corresponding objective
function g defined in is positive definite at one of its local minimizers;

and

2. The initial matriz ng) € S (ma,ny) is such that the subsequent matrices
{Z®(my 1) Qg”)} and {7 ® (my ) ?*”} defined in Algorithm |12 are of full

column rank in R™>" and R™2*"2  respectively.
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Then the sequence {(Q?’),Qg"))} generated by Algorithm converges to a local

solution to the orthogonal Kronecker approrimation problem.

Proof. To apply our framework for convergence, the conditions needed by Theo-
rem should be satisfied by Algorithm We check out two particular condi-
tions, while others are either obvious or assumed.

Observe first that the definitions at Lines 2 and 3 actually represent an ALS

optimization mechanism because

9(Q1,Q2) = || 2(A) — vec(Q1)vec(Q2) |7 = | F®my n1) Q2 — Q17

and, by Corollary , the nearest @@ € .(p,q) to a fixed point Z € RP*? comes
from the polar decomposition of Z. The polar decomposition is unique for a full
rank matrix and is continuous in its parameters.

Observe next that the accumulation points of the iteration must satisfy the

system of polynomials [130],189]

/

QI(‘KM@(THL’RQ QZ) == (d@)(ml,’nl) Q2)TQ17
Q;('Q{@(mg,nz) Ql) - (’d@(mz,nz) Ql)TQ27
d®(m1,n1) Q2 = QlQI(”Q{Q@(mlynl) Q2)7

%®(m2,n2) Ql = QQQ;(%@a(mg,ng) Ql)

which, by Lemma [5.2.2 contains only geometrically isolated solutions for almost all

(5.40)

\

data matrix A. The iterates {( §p ), Qgp ))} are obviously bounded as they are from
the Stiefel manifolds. Conditions in Theorem [(.2.2] are satisfied. O

We remark that the first assumption in Theorem holds for generic A. We
conjecture that the second assumption is also true for generic A and ng) because,
otherwise, rank deficient matrices are the union of low dimensional manifolds and
are susceptible to perturbations. At present we do not have a formal proof of the
genericity, so we state them as assumptions.

Stochastic factors. Again, we first restate the problem: Let M(q) denote

the convex and compact subset of all column stochastic matrices in R?*%. Given
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Algorithm 12 (Polar method for orthogonal Kronecker approximation.)

Input: A generic matrix A € R™™2X™"2 and an initial matrix Qg)) € . (mag,ny),

Output: A local best orthogonal Kronecker approximation to A
1: forp=0,1,---, do

2. [P prt] = poldec(Z® (mm, n,) Q) {using polar decomposition.}
32| (p+) plrt) ] = poldec(F® (m, n,) (p1)y {using polar decomposition.}
4: end for

A € Rmnexmnz the stochastic Kronecker approximation concerns finding the factors
B € #(ny) and C € . (ny) so that the objective function

U(B,C) = ]l A~BoCl} (5.41)
is minimized.

It is worth mentioning that the problem has an interesting interpretation. The
entry of B® C has the form b;jcs;. Thus, the approximation amounts to aggregating
the niny states into ny groups G4y, ..., G,,, each of size ns, such that the transition
probability among states within each group is the same. Thus, b;; stands for the
probability of transition from group G to state G; while ¢, stands for the probability
of transition from state ¢ to state s within any group.

Each of the two structured least squares subproblems in Algorithm [11| can easily

be formulated to take into the stochastic structure. For instance, the subproblem

min |A—-B®C|3, (5.42)

1] B=1] .B>0
where C' € #(ny) is fixed and 1,, € R™ is the column vector of all ones, is a
classical constrained linear least squares problem which can be solved via existent
optimization software package |125]. Furthermore, the problem is a convex
programming problem. If we assume the generic condition that the data are such
that the objective function is strictly convex, then the solution to (5.42)) is unique.
Replacing the constraints in Algorithm by #(ni) and .#(ns), and equipped

with the ability to solve each subproblem of the restricted objective functions, our

concern is whether the iteration will converge.
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To apply our theory, we need to check in particular the finiteness and isolation
of stationary points. The procedure should be quite routine now, except that the
feasible sets now have boundaries, i.e., some of the entries of B or C' are zero. The
projection at the boundaries is equivalent to the KKT conditions. For simplicity, we
shall omit the details. We only demonstrate the projected gradient for the problem
at an interior point. The partial gradient of ¢ with respect to B is

8¢ n1Xni
55 = BICIF = (A® ) C) € R™™. (5.43)

The tangent space of .#(n;) is made of matrices whose column sum is zero. The

projection of any Z € R™*™ onto the tangent space of .# (n;) is trivially given by

n1 ni
. i=1 ~i,1 Zi: Zin
PI‘O‘]igB((///(nl))(Z) =/ — 1”1 n11 yee ey 7/11 !

So the projected gradient can be calculated. Likewise, the projected gradient of
with respect to C' can be calculated. In all, setting the projected gradient of ¥)(B, C')
to zero is equivalent to a system of polynomials which, by Lemma [5.2.2, contains
finitely many geometrically isolated solutions for a generic A. Without filling in more
details, we have sketched a proof by using our theory that the matrices generated
by the ALS iteration for the stochastic Kronecker approximation problem converge

almost surely.



Chapter

Conclusion

In this thesis, we mainly focus on finding the best low rank CP approximation
for rank-1 and rank-R (R > 1) respectively. Our algorithms are all based on the
well developed notion of singular value decomposition (SVD) which update two
factors simultaneously. Some backgrounds and applications of tensor decompositions
and approximations are introduced in the first chapter, especially on CP model.
Moreover, some existing algorithms and convergence analysis for tensor low rank
approximations are also mentioned in Chapter 1.

Applying SVD offers a simpler alternative argument that generically the best
rank-1 approximation to given symmetric tensor is symmetric. As a by-product,
three SVD-based algorithms are proposed in Chapter 2 for computing the symmetric
best rank-1 approximation, which should perform superior to the classical ALS
methods. The main contribution is on the proof of convergence of both the objective
values and the iterates generated by these methods.

In Chapter 3, we consider the best rank-1 approximation of a generic tensor. In
contrast to the conventional ALS method that updates one factor a time for the rank-
1 tensor approximation, the SVD-based method updates two factors simultaneously.
We prove that the iteration by such a mechanism does converge for almost all tensors
under Condition A. It is conjectured that tensors satisfying Condition A are generic,

but an analytic proof is yet to be further investigated. For large scale problems,
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numerical experiments suggest that the SVD-based methods do have the advantage
of saving the computational time. On the other hand, partly due to the nonlinearity
of the objective function, the SVD-based methods do not necessarily provide a better
approximation in the long run.

In Chapter 4, an SVD-based algorithm has been presented for the orthogonal low
rank approximation problem (4.7)) of tensors, which includes the completely orthog-
onal low rank approximation [40] and semi-orthogonal low rank approximation [190]
as two special cases. The convergence of the proposed algorithm has been analyzed.
Numerical examples have been provided to illustrate the convergence behavior of
our algorithm.

A general theory has been established in Chapter 5 as a useful tool for arguing
that an alternating optimization method will converge under mild conditions. The
conditions are the continuity of the algorithm, the differentiability of the objective
function, the boundedness, finiteness, and geometrical isolation of the accumulation
points. An array of problems arising from different backgrounds are demonstrated
to be under this framework and satisfy these conditions. In particular, algorithms
designed for the Tucker nearest problem and the structured Kronecker approxima-
tion problems are shown to converge, which is perhaps new in the literature. The
theory might serve as an algorithmic foundation for many other methods having the
characteristics of iteration by alternating variables.

Besides the above contents, we are also interested in many other tensor problems
such as tensor train, segment CP and Tucker approximation, quantum entanglement

and so on.
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